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Abstract

Optimization algorithms can be interpreted through the lens of dynamical systems as the intercon-
nection of linear systems and a set of subgradient nonlinearities. This dynamical systems formulation
allows for the analysis and synthesis of optimization algorithms by solving robust control problems. In
this work, we use the celebrated internal model principle in control theory to structurally factorize con-
vergent composite optimization algorithms into suitable network-dependent internal models and core
subcontrollers. As the key benefit, we reveal that this permits us to synthesize optimization algorithms
even if information is transmitted over networks featuring dynamical phenomena such as time delays,
channel memory, or crosstalk. Design of these algorithms is achieved under bisection in the exponential
convergence rate either through a nonconvex local search or by alternation of convex semidefinite pro-
grams. We demonstrate factorization of existing optimization algorithms and the automated synthesis

of new optimization algorithms in the networked setting.

1 Introduction

Composite optimization problems minimize a sum of functions (f;)i_;, as in §* € argming Sl fi(B).
These composite problems arise in applications such as regression [1], image denoising [2], matrix completion
[3] and robust model predictive control [4]. These problems may also be solved over networks featuring
dynamics such as time delays, channels with memory, or crosstalk [5, 6]. Such network dynamics could cause
algorithms that are nominally convergent to no longer converge to an optimizer 3*.

First-order optimization algorithm are procedures that find an optima §* of the composite optimization
problem by using gradient/subdifferential evaluations of df;, without needing higher order information such
as Hessians V2 f; [7]. First-order optimization algorithms can be understood through a system-theoretic lens
as the interconnection between memoryless nonlinearities df; and a linear system [8, 9, 10]. An example
of such a composite optimization algorithm is Davis-Yin Splitting [ 1] with s = 3, where fo is smooth (has

Lipschitz gradients). Davis-Yin Splitting with scalar parameters (v, A) has an algorithmic law of

we = (I +79f1)" (), Chyy = 2wk — G — Y0 f2(wk),  Cop1r =G + )‘(I+7af3)71(<k+%) —Awg. (1)
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Application of Davis-Yin Splitting in (1) towards solving a composite optimization problem with variable
B € R can be expressed as the following interconnection of subgradient nonlinearities (0f1,df2,0f3) and a

discrete-time linear system with time index k, state z, input w, and output z:
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If the optimizer 8* is unique and the algorithm in (2) is convergent, then the steady-state output sequence
satisfies limy 00 (24, 22, 25) = (8%, 8%, %) independent of the initial state zq.

The problem of optimization algorithm design in this setting can be posed as choosing a linear time-
invariant system to connect to the subgradient nonlinearity. The performance of an optimization algorithm
can be judged by its convergence rate to the optima * (e.g. exponential convergence). This design task is
made more difficult when convergence to 5* must be ensured in the presence of network dynamics.

Convergent algorithms must satisfy the following two properties:

1. Consensus: the same point 8* must be sent to every operator df; (Vi: z; = 8%).
2. Optimality: The point 3* is optimal in the sense of 0 € "7 | dfi(2;).

The Consensus requirement also emerges in distributed optimization [12], in which each of the separate
communicating and computing agents must return the same value g*. Obedience of the Consensus and
Optimality constraints imposes structural requirements on the linear system associated with any convergent
optimization algorithm [13, 14]. These structural requirements can be interpreted as regulation and distur-
bance rejection phenomena respectively [15, 16, 17, 18] in the sense of control theory. Linear systems that
satisfy the Consensus and Optimality requirements when interconnected with a network satisfy an affine
relation between their state-space matrices induced by a regulator equation. The search over linear sys-
tems when designing algorithms can therefore be restricted to linear systems that satisfy the relation, thus
reducing the degrees of freedom in the design procedure.

We will show that regulation theory also gives insights into structural properties of optimization algo-
rithms. Using an internal model principle [15, 17], we can factorize the linear system part of convergent
optimization algorithms over networks into the cascade of a core subcontroller > ... containing the algo-
rithm parameters, and an internal model X,,;, that depends only on the network. Because the Davis-Yin
algorithm can directly interface the subgradients (0f1,0f2,df3) without encountering network dynamics,
this particular internal model ¥,,;, is an integrator that depends only on the dimensions s and c¢. The

internal-model-based cascade factorization applied to the s = 3 Davis-Yin algorithm in (2) is
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The internal model factorization allows us to synthesize optimization algorithms over networks by solving
structured robust control problems. These robust control problems arise by abstracting the subgradient
nonlinearity into an uncertainty, and describing the uncertainty using the frameworks of Passivity and
Integral Quadratic Constraints (IQCs) [19]. This principled search over >, also certifies well-posedness

and exponential convergence rates of the resultant algorithm.

1.1 Literature Review

The application of regulation theory and the internal model principle towards understanding optimization
algorithms is a continuation of existing unifications between control theoretic tools and optimization (systems
theory of algorithms [10, 20, 21]). Early use of dynamical systems towards the analysis and solution of
optimization algorithms include Lyapunov interpretations of algorithmic convergence [22, Section 10.4],
provision of stability guarantees in numerical integration [23], and solution of sorting and linear programming
[24]. The work in [25] provides a systems-theoretic perspective on linear and nonlinear rootfinding algorithms.
Dynamical-systems tools that have been used for the analysis and synthesis of optimization algorithms
include gradient flows [26, 27, 28, 29], Integral Quadratic Constraints (IQC) [30, 19], dissipativity [31,

], and passivity [33]. The internal model principle was used in [34, 35] to perform perfect tracking in
online optimization. We note that Scaled Relative Graphs [30], originally used to analyze convergence of
optimization algorithms, have made the leap to dynamical systems for the analysis and control of nonlinear
systems [37]. Optimization algorithms can be deployed as controllers for cyberphysical systems [38], such as
in model predictive control [39, 4].

The first application of IQCs for the analysis of optimization algorithms occurred in [10] to analyze
the asymptotic exponential convergence rate of optimization algorithms. Properties of the oracle such as
(strong) monotonicity, cocoercivity, and Lipschitzness can be modeled as pointwise (static) IQC constraints.
When the oracle is the subdifferential of a convex function, the subgradient inequality induces an infinite
set of dynamic O‘Shea-Zames-Falb multipliers [11, 12], each of which expresses a dissipation relation that is
valid for all compatible oracles. Algorithm convergence can be tested through the solution of semidefinite
programming problems, involving a convex search over coefficients that parameterize the multipliers. The
convergence rate of the algorithm can be found through bisection by finding a minimal rate (up to numerical
tolerance) at which the stability test fails to certify convergence. IQC theory was used to derive the Triple
Momentum scheme [43], which was proven to be optimal among all first-order and fixed-stepsize algorithms
for strongly convex optimization in [44]. The optimality of Triple Momentum was numerically certified
using IQCs in [45]. Conservatism in this IQC-based scheme arises through the finite order of the filters
used: increasing the filter order raises computational complexity but may decrease the certified convergence
rate. While determining conditions for which the true algorithm convergence rate is returned as the filter
order increases remains an open problem, the IQC-based approach can (numerically) certify the optimality
of algorithms such as gradient descent and triple momentum at order-1 filters. Extensions of IQC analysis
beyond static optimization algorithms include smooth games [46], parameter-varying optimization [417], and
online optimization [18]. IQC and dissipativity tools were used in [19] to determine conditions under which
individual optimization algorithms could be tied together into a distributed optimization algorithm under a
fixed Laplacian interconnection.

Synthesis of algorithms is a challenging task, and this difficulty is increased when composite optimization
problem must be solved over a network. The IQC-analysis method in [40, 50] designed optimization algo-
rithms based on a hyperparameter search: choose algorithm parameters such that the IQC-derived programs

yield a minimal convergence rate. By modeling the algorithm design task as a robust control problem, clas-



sical control methods such as H., optimization can be leveraged to generate controllers [51]. The work in
[52, 53, 54] use frequency-domain methods to synthesize optimization algorithms in the absence of network
dynamics. The Consensus and Optimality properties are interpreted as tangental interpolation constraints
of transfer function matrices [55]. Nevalinna-Pick interpolation theory [56, 57] is then used to generate algo-
rithms that satisfy the Consensus and Optimality constraints. This frequency-domain framework is extended
to equality-constrained algorithms in [58] and distributed optimization algorithms in [53].

In the case of a single oracle (e.g. unconstrained optimization), the single-input-single-output structure
of the controller leads to a possible commutation between the network and the filters. This allows for convex
synthesis of the algorithm and the filter coefficients, even in the networked setting [59]. The commutation
programs were first presented using the Youla-Kucera-Jabr [60, (1] parameterization of all stabilizing con-
trollers (algorithms) in [62], and later reformulated with direct state-space arguments in [63]. Algorithm
design has been conducted for classes of switched systems (e.g. time-varying delays in networks) in [64]
through an alternating search between switch-mode-dependent controllers and filter coefficients. The work
in [59, 62, 63, 64] perform synthesis only in the case of a single oracle. The work in [65] uses Lyapunov
arguments and general sector conditions to generate optimization algorithms for fixed multipliers in the con-
vex and saddle-point case. The saddle point case considered in [65] includes a class of equality-constrained
strongly convex problems, which can be treated as a two-oracle problem.

The Performance Estimation Problem (PEP) approach is an alternative method for the analysis and
synthesis of optimization algorithms [66]. Given a set of variables corresponding to a finite number of
points, scalars, and vectors, the PEP approach uses interpolation constraints to describe conditions for
which a convex function exists with values at the points equal to the scalars and gradients equal to the
vectors. Queries such as the gradient error, residual, or function decrease can be exactly answered in
a finite-horizon case by solving semidefinite programming problems [67]. The PEP framework extends to
establishing contraction rates for monotone inclusion schemes [68]. Optimal variable-step and fixed-step rules
for unconstrained gradient descent of smooth convex functions were synthesized using these interpolation
constraints in [44]. The work in [69] generates optimal step sizes through the branch-and-bound-based global
optimization of nonconvex quadratic programs. Interpolation constraints can be used in asymptotic analysis
of optimization algorithms: the works in [70, 71, 14] use Lyapunov arguments to certify convergence rates

in which the uncertainty is described by interpolation constraints.

1.2 Contributions

We first provide a condition for convergence of a well-posed optimization algorithm over a dynamical network:
the algorithmic interconnection must satisfy a Regulator Equation and a Robust Stability property. The
Regulator Equation may be verified by solving a linear system of equations. Certification of the Robust Sta-
bility property is a challenging robust control problem involving system dynamics, and will be approximated
using a sequence of convex programs.

We then prove a state-space internal model principle [15] for optimization algorithms, ensuring that any
convergent networked optimization algorithm can be split into a core subcontroller >.,,. and a network-
dependent internal model X,;, as in (3). Design of the overall algorithm involves searching over ...
satisfying a structural constraint induced by the regulator equation.

We analyze existing algorithms and synthesize new algorithms by solving linear matrix inequalities
(LMIs). Analysis and synthesis both involve bisection over the exponential convergence rate. At each
fixed convergence rate, Analysis involves searching over Zames-Falb filter coefficients that define valid re-

lations satisfied by subgradient nonlinearities. We propose two paths for algorithm synthesis to find >,



at a fixed convergence rate. The first path involves a nonconvex search over reduced-order controllers and
filter coefficients, leading to low-order and highly structured controllers. The second path incorporates a
full-order internal model into system dynamics, and performs an alternating convex search over valid filter
coefficients parameterizing the IQC/passivity specification. In each of these paths, feasibility of the resulting
robust control problem ensures convergence of the optimization algorithm to the optimal point.

The specific contributions of this work are

e A two-part condition for convergence of optimization algorithms (Robust Stability, Regulator Equa-

tion).

e A structural state-space factorization of convergent first-order optimization algorithms based on the

internal model principle with examples.

e A synthesis framework for generating optimization algorithms over networks based on internal models

and linear matrix inequalities.
e Demonstration of algorithm synthesis in the dynamical networked setting.
Table 1 lists the main theoretical contributions of the paper.

Table 1: Main results of the paper

Lemma 2.1 Sufficient condition for well-posedness of optimization algorithms

Theorem 3.1 Two-part condition for convergence of algorithms

Theorem 4.1 Controller order bound based on well-posedness and information constraints
Theorem 4.2 Factorization of optimization algorithms using the Internal Model Principle
Theorem 5.1 LMI-based exponential convergence rate analysis of well-posed algorithms

Proposition 5.3 LMI-based synthesis of certified well-posed exponentially converging algorithms

This paper has the following structure. Section 2 reviews preliminaries of notation, linear systems, convex
analysis, and optimization algorithms. Section 3 provides a condition for the convergence of optimization
algorithms using robust stability and a regulator equation. Section 4 identifies structural constraints on
optimization algorithms and performs algorithm factorizations using an internal model principle. Section 5
performs automated synthesis of optimization algorithms based on solving nonconvex or alternating-convex
programs arising from robust control. Section 6 demonstrates our approach on example networked optimiza-

tion tasks. Section 7 concludes the paper.

2 Preliminaries

We first review preliminaries of notation, linear systems, and optimization algorithms.

2.1 Notation and Linear Algebra

The set of natural numbers including zero is N = {0,1,2,...}. The set of integers between a and b inclusive
is {a,...,b}. The set of complex numbers, real numbers, and integers are respectively C,R, and Z. The
extended real line is R = R U {—00, 00}. The n-dimensional real Euclidean space is R™. The n-dimensional
positive orthant is RZ := {(z1,...,2,) € R" | 2; >0 Vi e {1,...,n}}.

The set of n x m matrices is R"*™. The set of n-dimensional symmetric matrices is S™ with S C R™*".

An empty matrix will be denoted as [-] and an empty set as &.



The transpose of a matrix M € R™*" is M. The rank of M is rank(M). The null space of M is
null(M), and its range (column) space is ran(M). If M is square (m = n), the symmetric part of M € R™*"
is Sym(M) = (M + M ") and its inverse is M . The spectral radius of a square matrix M is the maximal
absolute value of any eigenvalue of M, and is denoted as p(M).

M is Schur if p(M) < 1. M is anti-Schur if all its eigenvalues A € C satisfy |A| > 1. If M is symmetric,
its minimal and maximal eigenvalues are Ayin(M) and Apax (M), respectively.

The all zeros matrix is 0,, x5, the all ones vector is 1,, and the identity matrix is I;. Subscripts will be
omitted if the dimensions are clear from context.

Given a vector v, the square matrix constructed with v along its main diagonal and zeros everywhere

else is diag(v). The block diagonal concatenation of a set of matrices is blkdiag(-, ..., ).

2.2 Linear Systems

A discrete time signal z : N — R" is a time-indexed sequence (xj)gen. The unit shift operator z acts on a
sequence x as zx = z(Zk)ken = (Trp41)ken and (zx)g = 0. A linear system G is a mapping from an input
signal v : N — R™ and an initial state g € R™ to an output signal y : N — R™ as G : (xg,u) — y. In this
paper, linear systems G are described with matrices (A, B,C, D) in the state-space as

R alasiy A‘ 5 Tk with an abbreviation of y= A|B u.  (4)
Yk c ‘D g, C|D

The transfer matrix of the system G is the rational function T'(z) = C(zI — A)"'B+ D for z € C. If a given
rational function T'(z) is represented as T'(z) = C'(sI — A') !B’ + D', the tuple (A’, B/,C’,D’) is a realization

of T'(z). Realizations are generally nonunique.

For linear systems G : (z§,u) — y and G : (23,y) — 2 with respective representations (A, B1,C1,D1),
(A2, B, Ca, D3), the cascade interconnection of Gy and Gq is GoGy @ ((wh,23),u) — 2, 2 = G2(G1(u)). The
block-diagonal system formed by G : (2}, u) — y and Ga : (23,y) — 2 with y; = G1(x},u1), ya = Ga(23, ua)
is blkdiag(G1,G2) : ((x,23), (u1,u2)) — (y1,y2). The well-posed feedback interconnection between systems
Gy : (2, (w,u)) — (2,9) and Gy : (22, (y,a)) — (u,b) along their shared signals (u,y) is the star product
Gy *Ga @ ((zh,23), (w,a)) — (2,b). Well-posedness ensures that the shared signals (u,y) are unique given
(', 22, w, a), and this is true if I — DyD; is invertible. We refer to Appendix A for state-space formulas of
these interconnections based on representations of G; and Gs.

The representation (A, B,C, D) of G is stable if A is Schur. This holds iff all trajectories of (4) for u =0
and any zo € R™ satisfy limg_, oo x = 0. The representation (A, B,C,D) of G is controllable (stabilizable)
or observable (detectable) if

ran(A—)\I B):n or nuu(A_CM){O} (5)

holds for all A € C (A € C with |A| > 1), respectively, This will also be expressed by saying that (A, B) is
controllable (stabilizable) or (A, C) is observable (detectable).

The order of a representation (A, B,C, D) is the dimension of A (which equals the number of states). The
order of the transfer matrix of a system (called McMillan degree) is the minimum number of states required

for a state-space realization thereof. A realization (A, B,C, D) is minimal iff it is controllable and observable.
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Let us finally recall that a controlled interconnection is described by
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Here P is the plant and K is the controller. They share the control input v and the measurement output .
This special star product is well-posed if E := I — Dy D, is invertible. Well-posedness permits elimination

the common signals (u,y), to arrive at the description
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We refer to the interconnection in (6) as P x K, with the tacit understanding that it is well-posed and

described with the matrices in (7). The eliminated signals (y,u) can be recovered as

Yk \ I —Dy B Cory + Dorwy (8)
wp )\ =De 1 Cebr ‘

Moreover, K internally stabilizes P if P x K is well-posed and if A is Schur stable. There exists a controller
K which internally stabilizes P iff (A, Bs) is stabilizable and (A4, Cy) is detectable.

2.3 Convex Analysis

We review and define classes of functions, subdifferentials, and operators that are used to define optimization

problems and optimization algorithms.

2.3.1 Function Classes

A function f : R — R is proper if there exists a point 2 € R with f(x) < oo, and if f(z) > —oo for all
x € R¢ [72, Page 5]. The domain of a proper function f is the set dom(f) = {x € R | f(z) < oo} and f is
globally defined if dom(f) = R°. A proper f is convex if V(x1,22) € R xR a € [0,1] : f(ax1+ (1 —a)xs) <
af(x1) + (1 — a)f(x2), and it is closed if {x € R¢ | f(x) < a} is closed for each o € R. A function that is
proper, convex, and closed will be referred to as being p.c.c.

A function f : R® — R is m-strongly convex with m > 0 if f — 2|]-||3 is convex. f is L-smooth with
L < oo if it is differentiable at every point x € R¢ and if Vo, 2’ € R®: ||V f(x) =V f(2')| < L||a’ — z||2. Define
q(z) = i||z|]3 for z € R®. Given m € R, the set Sy, o comprises all functions f: R® — R such that f —mq
is p.c.c. Moreover, Sy, 1, for L € R consists of all f € 5,00 such that Lq — f is p.c.c.. Nonemptiness of Sy, 1,
requires that m < L, and the only members of S, ,,, are the functions f = mq + g with affine g : R® — R.
If referring to the class S, 1., we will tacitly assume that —oo < m < L < oo from now on. For L = oo, this
is an extension of existing definitions in [73, 74] to the case where f is extended real-valued, and to [75, 65]
when f is nonsmooth.

For f € S,,.1, dom(f) # @ is convex, since it equals dom(f — mq). Note that Sp o is the set of p.c.c.
functions, and any f € Sy 0o for m > 0 is m-strongly convex [76]. If L < oo, all f € S, 1 are globally
defined (since f —mq and Lq — f are proper) and continuously differentiable [63, Lemma 3]; if m > 0 then
f is L-smooth and m-strongly-convex.

The indicator function of a set Z € R® is defined as Iz(z) = 0if v € Z and Iz(z) = 0 if z ¢ Z. If
Z # @ is closed and convex, then Iz € Sy . The affine hull of a set Z is the smallest affine space containing
Z (intersection of all affine spaces including Z). Its relative interior is the interior of Z viewed as a subset
of its affine hull [72, Section 2.H].

Figure 1 visualizes the contours of four example functions inside S, ;, within the domain [—3, 3]2.
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Figure 1: Contours plotted of functions in Sy, 1 with ¢ = 2.
2.3.2 Subdifferentials
The subdifferential of a p.c.c. function f at x € R€ is defined as
Of(x) = {g R | f(') > f(a) + ¢ (2' — x) Va' € R°}. (9)

The Frechét subdifferential of a function f € Sy, 1, is 9f := d(f —mq)+mlI, where O(f —mq) is the standard
subdifferential of the p.c.c.function f —mq ([77, Definition 6.2, (iii)] using [78, Proposition 1.107 (i)]). Sy, ;
is the subset of functions f € S, 1, which are zero-centered as 0 = f(0) and 0 € 9f(0).

As examples, 0z is the normal cone operator for Z, and 9f(z) = {Vf(z)} holds for all z € Re if
f € 8m, and L < co. The identity function I : R — R¢, I(x) = z, satisfies I = 0q.

Figure 2 plots an example of the subdifferential of functions in S, 1, for the m-parameterized function

gm(B) == max [1[8— 3|, 3|8 — 4| —4] + 2|8+ 1.1|3, (10)

in which ¢, € Sm, for all m € R. The blue (top) and orange (bottom) curves draw the convex go(3)
and the nonconvex g_1(f), respectively. The black arrows visualize vectors in the respective multivalued
subdifferentials dg,,(3) at g = 2.1.

Figure 2: Functions ¢, in (10) and vectors inside dgy,(2.1) for m € {—1,0}.



2.3.3 Operators

An operator is a set-valued map F : R¢ = R¢ [72, 70]. Its inverse is defined as F~1(z) := {y € R |z € F(y)}
for x € R¢. A matrix D € R¢*¢ is identified with the linear map = — Dz for any x € R€. In this paper,
(I + DF)~! is referred to as a generalized resolvent, and (F~! — D)~! is referred to as the generalized
Yosida operator. If D = —AI with A > 0, a generalized Yosida operator is related to the standard resolvent
(I + AF)~! through the inverse resolvent identity [72, Lemma 12.14] (F~' + XI)™' = A7}I — (I + AF) 71
F is said to be globally single-valued if, for every x € R¢, F(x) consists of exactly one element, which is also
denoted as F'(x). F is said to be globally continuous if F' is globally single-valued and if the corresponding
map F : R® = R° z — F(x) is continuous.

If f € S,p then Of : R® = R¢ is a set-valued map. If m > 0, then f is strongly convex, which implies
that (0f)~! is globally continuous. For f € Sy o, we also recall that (I +~df)~! is the proximal mapping
z + argmin, cpe f(2) + %Hx — 2||3. The set of subdifferentials to S, 1, is S, = {0f | f € Sim.1}. We refer
to Appendix B for further details.

2.4 Composite Optimization Problems

Given s € N functions f; € Sy, 1, for i € {1,..., s}, a composite optimization problem amounts to finding
a point f* € R¢ with

5° € argmin 3 fi(9). (11)

PER 1
An example of composite optimization arises from constrained minimization of a function f € Sy, 1,
with Ly < oo on a closed convex set Z C R® If we choose fi = f and fo = Iz € Sp,00, We infer that
fi(z) + fa(x) = f(z) < oo holds iff z € Z, and hence (11) is equivalent to f* € argmin, . z f(z).
This paper studies algorithms solving the following zero inclusion problem.

Problem 1 (Composite Optimization). Given s € N functions f; € Sp, 1, fori € {1,...,s}, find a point
B* € R¢ which satisfies

0€d afi(B). (12)
i=1

If my + -+ +mys > 0, Problem 1 has a unique optimal solution since the cost Y ;_, f; is proper, closed
and strongly convex. By Corollary B.1, any solution 8* satisfying (12) is a solution of (11). If the domains

of the functions are compatible according to
relint(dom(f1)) N --- Nrelint(dom(f)) # 2, (13)

then a solution 5* of (11) also satisfies (12). Again by Corollary B.1 and without constraints on my, ..., ms,
any local solution of (11) also solves Problem 1. For these reasons, we refer to (12) as an optimality condition
for the composite optimization problem (11).

With the function f(z2) := f1(2!) + - + fs(2°) for z = (21,...,2°%) € R*, the optimality condition (12)
reads as 0 € (1, ® I.) T F(1, ® 8*) involving the operator F := df. Observe that F' can be considered as a

concatenation of the subdifferentials df;,...,dfs, since
Fl(Zl) afl(zl) g1
F(z) = : = : = Sl lgi€dfiz), ie{l,...,s}p. (14)
Fy(2%) Ofs(z%) gs

In this paper, we work with the following classes of operators.



Definition 1. Given vectors m = (mq,...,ms) and L = (L1,...,Ly), let Op, 1 be the class of all operators
F in (14) for which (12) has a unique solution B* € R° and there exists a unique w* € F(1s ® B*) with
(1,®1.)"w, = 0. Moreover, OfnL is the subset of all operators F' € Oy, 1, satisfying 0 € 0f;(0) and f;(0) =0
forie{l,..., s}, implying that 0 € F(0).
2.5 Optimization Algorithms

Time-independent iterative schemes to solve Problem 1 can be expressed as a linear time-invariant system
G represented by (A, B,C, D) interconnected with the static map F € O,, 1, as

<x§:1>:<?g><i’;> wy, € F(z). (15)

This feedback interconnection is depicted as a block-diagram shown in Figure 3.

o)

Figure 3: Standard algorithmic interconnection in (15)

Examples of optimization algorithms are Gradient Descent g1 = xp — oV f(x) represented as

() -[GF)

and the Davis-Yin algorithm [11] in (2).

The following definition of a fixed point of an algorithm is standard.

Ty,

(=), s o

Wk

Definition 2. A fized point of (15) is a tuple (x*, 2", w*) satisfying

x* Al B x* N N
)- () oo

This leads us to the following notion of algorithm convergence used in this paper.

Definition 3. The algorithmic interconnection in (15) with F € Oy, 1 is a convergent optimization
algorithm for Problem 1 with solution 3* if there exists a fized point (z*,w*, z*) of (15) which satisfies the

following three properties:

Consensus: 2F =1, 07, (18a)

Optimality: 1@ L) w* =0, (18b)

Attractivity: Vrg € R @ lim (x, wg, zk) = (2", w", 2%). (18¢)
k—00
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Remark 2.1. Our class of considered problems in the definition of On, 1, and the attractivity property in
(18c) requires that there is a unique tuple (5*,w*) with w* € F(1, ® 8*), (1] @ I.)w* = 0. A sufficient
condition for w* to be unique given the existence of a unique B* solving Problem 1 is if at most one index
1€{1,...,s} satisfies L; = oo. If (A, C) is detectable, then uniqueness of x* follows, because there is at most

<A—I>I*< —Bw* ) (19)
C 1, ® §* — Dw*

2.6 Well-Posedness and Algorithm Execution

one x* such that

The algorithm (15) involves the implicit constraint z = Cxy + Dwy, wy € F(z). This translates into the
equivalent inclusions Czy + Dwy € F~(wy) and wy € (F~1 — D)7}(Cxy), which motivates the following

definition of well-posedness.

Definition 4. The algorithm (15) is well-posed if the generalized Yosida operator H := (F~1 —D)~! is

globally continuous.

If (15) is well-posed, it can be rewritten as an explicit recursion
Tp+1 = Az + BH(Cxy) with outputs wy = H(Cxy), 2z =Cxy + DH(Cxy) for all k€ N. (20)

Well-posedness implies that trajectories (xg,wg, 2k )ren exist and are unique for every xzp € R™. In the
sequel, we refer to the algorithm as F' x G (represented by (15)), with the tacit understanding that it is
well-posed (and can also be expressed as (20)). We note that F'x G may be well-posed but not convergent.
For example, the subgradient descent scheme zx1 € 2z — v0f(zx) is not well-posed if v # 0 and if f is
not differentiable everywhere. On the other hand, well-posedness implies uniqueness of the fixed point in

convergent algorithms.

Proposition 2.1. If the algorithm (15) is well-posed and there exists some vector x* with limyg_,o x; = x*
for all initial conditions xq, then (15) admits a unique fized point (z*,z*,w*) and all its trajectories satisfy

limy—s o0 (T, W, 21) = (2, W, 2%).

Proof. Since H in (20) is continuous, by taking the limit k& — oo we infer «* = Az* + BH(Cz*) and
limg 0o wi = H(Cx*) =: w* as well as limy_, oo 2 = Cax* + DH(Cx*) =: z*. Hence w* = Az* + Bw* and
Cx* € H Y (w*) = F~Y(w*) — Dw*, i.e., z* = Cx* + Dw* € F~1(w,) and thus w* € F(z*). This shows that
(x*, w*, z*) is a fixed point of (15) and limg_,e0 (g, Wi, 2x) = (z*, 2%, w*).

Any other fixed point (Z*,w*, 2*) of (15) satisfies z* = Az*+Bw*, z* = Cz*+Dw* and w* € F'(Z*); hence
Cz* € F~1(w*)—Dw* and thus w* = H(Cz*), which gives * = Az*+BH (Cz*) as well as z* = Cz*+H (Cz*).
If we initialize a trajectory of (20) as xo = T*, it hence satisfies xp = z* for all k¥ € N; by assumption, we

have limy_, z; = x, which implies Z* = 2* and hence also (Z*, w*, z*) = (z*, w*, z*). O

Unfortunately, the evaluation of H may be as challenging as solving the original optimization problem
(12). This difficulty could be due to the possible requirement of solving implicit nonlinear fixed point
equations. If D admits a lower-triangular block structure (possibly after a permutation of (f1,..., fs)), the
evaluation of H can be achieved with the generalized resolvents of 9f; for i € {1,...,s}. To perform this
algorithm evaluation, we partition B = (B;), C = (C;) and D = (D;;) from (15) into ¢ x ¢ blocks to form the

11



representation

Al B By ... B
Ci/D17 O ... O

(%‘A B) =| C2|D2y Dap ... 0 , (21)
C\|D . . .. .

Cs Dsl D82 Dss

and we define the generalized Yosida operators as H; := (9f; ' — D;;)~! for each i € {1,...,s}.

Lemma 2.1. An algorithm (15) with D having a block-lower-triangular structure as partitioned in (21) is

well-posed if the diagonal blocks D;; satisfy
Sym((0;LiDi; — 0i1) " (I — miDy;)) < 0 with o; :== (L; —m;)~ ' for i€ {1,...,s}. (22)
If L; = o0, then o;L; =1 and o; = 0, which implies that (22) specializes to
Dji + D;; — 2m;D;; Dy; < 0. (23)

The recursion in (20) admits the explicit description starting from an initial condition xo € R™ as follows:
Determine
wh = H; (Cixk + Z;;ll Dijwj) fori=1,2,..., s in ascending order (24)

and set Ty = Az + Y i, Biwj.
Proof. The relation w € (F~1 —D)~!(z) is equivalent to z = z + Dw, w € F(2). In a partition of the vectors

(w, z) compatible to the index i € {1,..., s} of the blocks of D in (21), the vector z can be expressed as

2t =Cix' + 21—11 D;jw? + Dyw', w' € Fi(2') for i€ {1,...,s} (25)

Jj=

Since F' € Oy, 1 implies F; = 0f; € 0Sy,, 1,, Corollary B.4 assures that H; = (F;1 — D;i)~ 1 is globally
continuous under condition (22). Therefore, (25) is equivalent to

wi = H, (cix+z;;lpijwj) for ie{l,...,s}. (26)

This representation of w € (F~1 —D)~!(2) proves that H = (F~! — D)~ is globally continuous, and hence
the algorithm is well-posed. Moreover, (26) leads to (24) and hence to an explicit algorithm description. [

We emphasize a few special cases based on Corollary B.3:

1. If 9f; is globally continuous (e.g. for L; < oo in which df; = V f;), then

Hiw) = V fi(v) - ?f Di;; =0, (27)

2. If 9f;(B) is not single-valued at some 8 € R, then L; is not finite. In this case, we can evaluate the
generalized Yosida operator H; using the generalized resolvent (I + D;;0f;)~' as H; = D}, I — (1 +
D;;0f;) "], noting that (23) implies invertibility of D;;.

3. If D;; is diagonal with D;; = A, I and L; = oo, then condition (23) requires that A; € (—oo,0)U(1/m;, 00)
if m; >0, \; € (—00,0) if m; =0, and \; € (1/m;,0) if m; < 0.

12



2.7 Kronecker Structure
Most first-order optimization algorithms have a Kronecker structure [79].

Definition 5. A system in (15) has Kronecker Structure if there exists matrices (A%, B%,C*, D%) with

AlBY\ [ a4
(5] - (oo ) o )

Examples are the Davis-Yin algorithm (1) and Gradient descent (16). The procedure in [14, Proposition

2] is an instance of (24) when the algorithm is Kronecker structured. We will use the superscript a to denote
matrices that have a Kronecker structure (e.g. A® with A* ® I. = A in (28)). Furthermore, we will use the

Kronecker product to denote Kronecker-structured linear systems, using the notation

G=G"®1I: Thit ) A*| B ® I, 2k ) abbreviated as Y= A|B
Yk c* | D U C|D

2.8 Algorithms over Networks

® IC> u. (29)

The algorithm (15) involves a linear system G directly interconnected to the operator oracle F'. Design of
optimization algorithms may also occur in settings where the oracle F' is not directly accessible. Example
instances include time delays, packet drops, and network cross-talk [6]. We model this setting by assuming
that G is given by the interconnection of a network (or plant)

TR A ‘ BB, zy
P: 2k = Cl D1 D12 Wi 3 (30)
Yk Cy|Da1 Dy Uk

with a controller K with n, inputs and n, outputs as described by

I A
U 6717 DR Yk

If £ :=1— DyD. is invertible, we recall that this interconnection is well-posed and admits a state-space
description with (A, B,C, D) defined by (7), which is referred to as P x K.

For G = P % K, the algorithmic interconnection F'x G = F % (P x K) is visualized by block-diagrams in

Figure 4. These reveal how the (given and fixed) network P bridges the oracle F' and the (to be designed
controller) K to generate the algorithm F x (P x K). The specific choice

0 . 2k o 0 I Wy
" )= () () g

recovers a direct interconnection, since then P° x i = K and G is just equal to the controller K.

Example 2.1. The Kronecker-structured prozimal point method z+1 = (I +~0f) " (zx) for f € Sm. and
v > 0 may be described as an interconnection Of x K proy with

PO =0 O e e A Y (33)
prow 2k o\ T —~I w |

The left interconnection of Figure 5 introduces a delay of 1 time step before and after the computation

of 0f. The right interconnection assembles the 1-step channel delays into a network P sitting between

13



Figure 4: Block diagrams of an algorithm over a network given by F * (P x K) (left) and its closed-loop
representation F' x G (right) with G = P x K represented by (A, B,C, D).

—

w z w
Y
Delay 1 Delay 1
Y U

= L

Figure 5: Proximal point method in (33) delayed by one time step (left) and the network representation
(right)

Of and K prog. The interconnection F x (P % K proy) can as well be described by the algorithmic procedure
2he1 = 2k — YV f(2k-1), 2pp1 = 2k — YV f(2r-1), in which 2" is an unobservable state.

Figure 6 visualizes the execution of Of x K prog (top) and Of x (P * K prog) (bottom) with parameter v =5
when minimizing the function f(B8) = || — Boll3. The term By € RO with * = By is randomly selected. The
left plot draws the error zy, — B* for k € {0,...,14} in the nominal execution Of x K proy. The convergence of
the nominal execution Of x I prog 15 demonstrated by the error going to zero. The error zy — * diverges to oo
in the delayed execution Of * (P x K proy) in the right plot. The introduction of delays therefore destabilizes
the nominally convergent algorithm.

This destabilization generalizes to networks with multiple delays. Letting P" denote a network with an
h-step delay before and after Of, The colored curves in Figure 7 are plots of the spectral radius of the
matriz Ag = 1% (P" x K proy) for h € {0,...,4} as a function of y. Convergence to B° for the function
f(B) = %118 = Boll3 is assured if the curve stays below the black dotted line (p = 1). Without delays (h =0),
the prozimal point algorithm is convergent if v > 0. The h = 1 interconnection is convergent if v € (0,1).

Increasing the delay shrinks the set of convergent v values.
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No delay 6 One-step delay
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50\
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\
\
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N N
10 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 4 6 8 0 12 14 0 2 4 6 8 10 12
k k
Figure 6: Nominal and one-step-delayed proximal point methods to minimize f(3) = ||3 — Bo||3.
25
———No Delay
=—Delay 1
2 Delay 2 Not Convergent
Delay 3
| |====Delay 4

Figure 7: Spectral radius of Ay v.s. algorithm parameter v for the delayed version of (33)

p(Acl)

2.9 Information Constraints

The block-sparsity pattern of D defines an information structure of the algorithm, specifying the coordinate

14

values wi of the subdifferentials that may be used to compute the other subdifferential coordinates w},

within the same iteration & € N. Descriptions and labels for the eight possible sparsity patterns of the

block-lower-triangular matrices D for s = 2 are listed in Table 2, in which e indicates a possibly nonzero D;;

submatrix.

Pure Yosida

Mixed Yosida and Gradient

Pure Gradient

(

Sequential

(22)

) (00

(3)

i
) (00)
(+0)

Table 2: Block-lower-triangular sparsity patterns of D for s = 2

15



In Table 2, an algorithm is ‘parallel’ if all w’® coordinates for the subgradient can be evaluated indepen-
dently (block-diagonal D), or ‘sequential’ if there are dependencies in w? computation.

The algorithm F x (P x K') may be restricted to satisfy an information constraint. An example includes
the requirement that the matrix D from G = P x K must be block-lower-triangular, in order to admit
evaluation by the procedure in (24). More generally, we choose a set Ling, € R™*™v such that D. €
Linfo implies that the algorithm F % (P x K') obeys a desired information constraint on D.  Imposition
of convex information constraints on D could result in nonconvex sets sets Lint, because the expression
D = Dy + Dyo(I — D.D3) D Doy from (7) is nonlinear in D.. if Dy # 0.

2.10 Algorithm Synthesis

Algorithm synthesis involves the design of a controller K such that F'x (P« K) is a convergent optimization
algorithm for all F' € O,,, 1, and that /X obeys the information structure constraint expressed as D. € Linso-
The formal description of the algorithm synthesis task is as follows:

Problem 2 (Algorithm Synthesis). Given a network P from (30), an operator tuple Op, 1, and a set Linto,
find a controller K with representation (A., B.,C., D.) where D. € Liyto and such that the interconnection

Fx (P %K) is a well-posed convergent optimization algorithm for any F € Oy, L.

The goal of this paper is to derive structural conditions on any controller A" which solves the synthesis
problem. This permits to search over controllers /' that satisfy these structural conditions to find rapidly
(exponentially) converging algorithms. The structural constraints on K will be derived using principles of
regulation theory for linear systems.

2.11 Regulation Theory for the Rejection of Constant Disturbances

Output regulation of linear systems involves the rejection of exogenous signals d with known dynamics. We
focus on the case where the exogenous system generates constant signals dy = dg for all k¥ € N and refer to
[15, 16, 80] for further information on regulation in control theory, including non-constant disturbances.

Consider the following linear system driven by a constant disturbance dy € R™4:

o E) R e e
€L dk

Definition 6. The system in (34) attains output regulation if A is Schur, and for all o € R™, dy € R™,

QN
@1 [s:)

it holds that limg_, e = 0.
A core condition for output regulation is the feasibility of the so-called regulator equation.

Lemma 2.2 (Lemma 1 [15]). The system G with representation (fl,lg,CN, 75) achieves output requlation iff
the following two conditions hold:

1. Stability: limyg_,g g, = 0 for all zg € R™ if dy = 0.

2. Solvability of Regulator Equation: There exists a matriz T satisfying

<ATI[~§><T>:0. (35)
¢C D I



Proof. We provide this proof for the purpose of illustration. The stability condition is met iff A is Schur. If
true, (A — I) has full rank and there exists a unique solution Y to AY + B — Y = 0 (top row of (35)). The
system in (34) may be described by an extended system G with states (z,d). Performing the coordinate
change (&,d) = (z — Yd,d) on the system G shows

) Tht1 A B . Tht1
Gt der | =] 01 (’“) — depr | =

dy,

(A=Y +B )
) I (x’“> (36)
€k C D

CY+D

o © :B,

Ck

Given that A is Schur and (fl - DT+ B = 0, the state T41 satisfies limyg_, oo & = 0 for all initial
conditions #o. The steady-state value of e is limy,_, o0 e = limy_yo0 Cis + (éT + ﬁ)cfk = (C~T + @)do. Hence,
output regulation holds iff CY + D = 0 since, otherwise, limy_, oo € # 0 for some dy # 0. O

Appendix C details the consequences of this result if (34) is a controlled interconnection.

3 Convergence of Optimization Algorithms

The networked algorithm synthesis task (Problem 2) may be posed as an instance of stabilization under
regulation constraints [31, 82]. To this end, we convert the algorithmic interconnection F % (P x K) with
fixed point (z*,w*, z*) into an error system F (P K') with some F € 09, 1 having the fixed point (0,0,0).
With the regulation error e := z — 1, ® 8*, the consensus condition of a convergent algorithm F' x (P % K) is
translated into the regulation requirement limy_,g e = 0. The latter property needs to be guaranteed for the
error system F % (P * K) that is affected by unknown constant disturbances which depend on the unknown
solution B* of (12). In this fashion, algorithm converges is translated into such a regulation property and
global attractivity of the fixed point (0,0, 0) of the error system Fx (P* K).

3.1 Error Formulation
To capture the optimality condition (18b), we introduce a so-called consensus matrix.

Definition 7. A matriz N is a consensus matriz if

N e Reex(s=1e rank(N) = (s — 1)c and ran(N) = null((1, ® I.) ). (37)
I 1 0

A particular choice is N = ( S;%) ®I.,suchas N =0 1 | ®I fors=3 When s =1, the
S -1 -1

consensus matrix is omitted by setting N = [].
Solutions S* of Problem 1 can then be characterized by

0e F(1,® %) — Nu* for some o* € RV, (38)

Let us partition g := Nw* € R as g = col(g',...,g%) with g* € 9f;(3*) and associate to f; the zero-

centered function f;(2) := fi(z + 8*) — f:(8*) — (¢°) T z with f; € 8P, forie{1,...,s}. Then the function

f(2) =320 fi(z") for 2 = (2',...,2°) € R* leads to the error operator F := df € 09, 1, which satisfies
F(3)=F(Z+1,®8") — No* for e R*. (39)

Given any trajectory of the algorithm F' % (P x K'), we can introduce the error signals

Zri=2— 1@ 8% and Wy = wy — No* (40)
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and note that they are related as Wy € F(z;) — Nw* = F(Z, + 1, ® 8*) — No* = F(%) for k € N. Any
trajectory of F' % (P x K) (described by (30)-(31) and wy, € F(zx)) therefore generates a trajectory of the
following error system

F By € F(), (418)
=N
TR A| By 0 BN | B, 'k
- B
Cy| Dy i14@ 1. DN {Dig | |-
P. L 1| D ® 1 12 | (41b)
ek Cl Dl 15 ® Ic DlN D12 -
777777777 w
Yk Cy | Doy 0 Dy N Dy o
k

K : (5’““ ) = (4 B) (5’“> . (41c)
Uk 0(,’ D(f Yk

Here ey, is a copy of Z; and interpreted as an error output, while (—8*,%*) is interpreted as a constant

disturbance input. We refer to this interconnection as F % (P, « K). If the input disturbance vanishes and if
we ignore the error output, this is identical to P K (described by (30)-(31)) interconnected with wy € F(2).
As a consequence, P. x i is well-posed iff P x K is well-posed, given that well-posedness of P x K requires
that I — D2 D, is invertible. Similarly, in view of Proposition B.5 and (39), F x (P, x K) is well-posed iff
F x (P x K) is well-posed.

If the well-posed algorithm F % (P * K) converges to the fixed point (z*, Nw*,1 ® 8*), we infer all
trajectories of the error system satisfy limy o ex = 0, despite being affected by the (unknown) constant
disturbance input (—g*,@*). This hints at the relevance of the error system for embedding algorithm
convergence into regulation theory. The transition to the error system is depicted in Figure 8.

Nw*l l—ﬂ*

., A B1 32 Bl B2
C1| Dy | D12 Ci| Dy | Dio
C2| D21} Do C2| D21} Do
U Y U
L A(f B(T
C{: D(;
(a) Interconnection with F' € O, 1 (b) Interconnection with F € oL

Figure 8: Original interconnection (left) and error system (right) with exogenous disturbance (—8*, Nw*)

3.2 Test Quadratics and Assumptions

The interconnections Fx(P+ /) and (41) involve the nonlinearities F € O,, , and F € O?m 1., and convergence
or output regulation must occur for all nonlinearities in the respective classes. This leads to a problem of
nonlinear robust output regulation. Since we are confronted with structured uncertainties, neither nonlinear

nor linear output regulation theory [18, 16] can be applied to designing robustly converging algorithms.
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To develop conditions for F % (P % K) to converge for all F' € O,, 1, we first investigate convergence of
F'x (P % K) for affine maps F"' that arise from considering the composite optimization problem (12) with

Fizh o 2%) =300 fH(2%) involving the quadratic functions

K2

FLB) = %Hﬁugmm where b; € R® for i€ {1,...,s}. (42)

With m := diag(m) ® I, and b := col(by, ..., b,), we infer F*(z) = Vf!(z) = mz + b and F*() = mz. We
refer to these choices as test quadratics.
For all test quadratics, we note that (12) reads as

By mi+ Y b =0, (43)
i=1 =1

which motivates us to assume >_7_; m; # 0 to ensure that Problem 1 has a unique solution. This implies

that all test quadratics satisfy F* € O,, 1, and hence Ft e 0% . respectively.

m,L>

If E(m) := I — Dym is invertible, F*x P, described by (41a) and (41b) has the state-space representation

TR Am | Bp | By N _p*
P e |=| o | DD d where d:( L ) (44)
i cypgipe )\ w, b
with the matrices
A | BP BR Al 0 BN|B B
cp o Dy | = | G L el DIN Do |+| D |mEm) (¢i](tel) DIN{Dy ).
cx®|pm pm Col 0 DyuNiD, Do

(45)

This illustrates that solving the algorithm design problem for F'* x (P ') with test quadratics boils down to
solving a nominal linear regulation problem for P™ % /. To guarantee that P™ can be internally stabilized
with some K, we require that (A™, B5") is stabilizable and (A™, C%) is detectable.

Let us collect all assumptions as follows.
Assumption 1. The vector m in Oy, 1, satisfies Zle m; # 0.
Assumption 2. The matriz E(m) = I — Dym is invertible.

Assumption 3. The pair (A™, B5) is stabilizable and the pair (A™, C3*) is detectable.

3.3 Convergence of Algorithms

We are now ready to formulate the first main contribution of this paper.

Theorem 3.1. Suppose we are given a network P, a consensus matriz N, and a class of subgradient
operators Oy, 1, such that Assumptions 1-3 hold. If the controller K generates a well posed convergent
algorithm F x (P x K) for all F € Oy, 1, then the following is satisfied:

1. Robust Stability: I — DD, is invertible and F x (P x K) described by wy, € F(z1,) and

I{C\;l A B1 | 32 l‘év
2 = | Ci| D1 D12 wk | (46a)
Yk C2| Da1 i Do ug,

A

: &k
AL ) (y) (46)




is well-posed and satisfies limg_, o0 (Tk, &) = 0 for all initial states (xg,&o) and all Fe ng,L'

2. Solvability of Regulator Equations: There exists a solution (II,©,T, ®) of

Al 0 BN B 1| T
Cl 15 X IC DlN D12 I = 0 5 (473)
02 0 D21N D2 T [0

(0)(E)-(7) am

If Conditions 1 and 2 are satisfied, then the algorithm F x (P x K) described by wy € F(zi) and (46) is
well-posed and convergent for all F € O, 1. If 8* and w* are taken with 0 € F(15 ® p*) — Nw*, all its
trajectories satisfy

ka 11
_ * * 1 *
i || 2 (7). im ()= )= (7). (48)
k—s 00 Yk b w* k—o0 Wk w* Nw*
Uk I

Proof. See Appendix D. It also comprises a proof that Condition 2 is invariant under the choice of N. [

Condition 1 is related to the operator class (’)2% 1,» while Condition 2 is independent from O,, ;. The
regulator equation (47a) only involves the description of the network P and the consensus matrix N (but
not the controller K). It admits a solution iff

0 —B1N A—1 Bs
ran C ran .
1,®I. —DaN Ci Di2
This permits us to compute (I, T') and to define ® in order to satisfy (47a).

The regulator equation (47b) imposes constraints on the description of the controller K. Given K and a
solution (IL,T', @) of (47a), the controller regulator equation (47b) has a solution O iff

—B.® A.—1
ran C ran . (49a)
F - D(;é /v(:

The Robust Stability condition is significantly more involved to verify than the Regulator Equation
condition, because (46a) is a statement about global attractivity of the fixed point 0 for all operators in
O?n} 1. In this work, we numerically certify Robust Stability through sufficient antipassivity conditions
based on Zames-Falb filters. These antipassivity-based analysis and synthesis methods have previously been
employed in [62, 63] for the case of s = 1. We extend this methodology to the case of s > 1, with a
novel proof showing that a successful antipassivity-based verification of Robust Stability implies algorithm

well-posedness and convergence.

Remark 3.1. If the Robust Stability condition fails, there does exist an operator F € O?n,L such that
Fx (P x K) is not convergent. If the Regulator Equation has no solution, there does exist a test quadratic
F? such that that F* x (P % K) is not convergent.
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3.4 Convergence Example with Channel Memory

To demonstrate the Convergence conditions in Theorem 3.1, we consider composite optimization in Problem
1 with s = 2, mediated by a dynamical network with channel memory. The network FP;* is defined by
parameters o € R and h € N. The output w' € 9f,(z') is filtered by (z — a)~" before arriving at the
controller (y' = (z — a)~"w!). Figure 9 visualizes the filtering process (left) and an instance of a network
model with Pg* (right).

Figure 9: Network P (left) and the specific state-space description of Ps* (right)

The regulator equation in (47a) has no solution when o = 1 and h > 0. As a result, it is then never
possible to find a controller /& such that F x (P} x K) is convergent for any F € O,, , (under Assumptions
1-3). When «a # 1, the network regulator equation in (47a) for P2 has the unique solution given by

0 (1—a)t
0 (1-a)? ~10 0 (1—a)™h
II= I, I'= I, o = , 50
; : ® 10 ® 0 1 (50)
0 (1-a)h
with IT = [-] if h = 0. We consider a class of controllers K described by a network with e € R, h € N, and
algorithm parameters b € R? as in
r+1 1| (1-a)b b Sk
Kb : up | = 1 (1 —a)hby 0 |®L| | yi | ®L. (51)
ui 1 (1 — Oé)h(bl + bg) by yl%
Then the controller regulator equation (47b) reads with © = ( -1 —by ) ® I, as
1 ‘ (1 — Oé)hbo b() -1 —bg -1 —b2
1 (1 — a)hby 0 0 l—-a)™™ |=]-1 0 . (52)
L[ (1 —a)r(by +b2) by 0 ~1 -1 0
The Douglas-Rachford algorithm [33] with parameters (y,A) > 0 may be represented as a controller

Kprly, A] :== K9[=v\, =\, =] interconnected with P{. The Douglas-Rachford algorithm A pg satisfies the
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regulator equation (47b) when a = 0, and this fails when « # 0 and h > 0. Consequently, the deployment
of the Douglas-Rachford algorithm as F x (P * Kpgr) will fail to converge for any A > 0 unless o = 0.
Convergence of the Douglas-Rachford scheme at a@ = 0 depends on satisfaction of the Robust Stability
requirement.

0

0 b1
L = (10, 00) and network parameters ov = 0.5 and h = 3, well-posedness of F'xG for all F' € O,, 1, is assured

The interconnection G = P x K¢[b] has D = . For the class O(1,0),(10,00) With m = (1,0) and

if by < 0 (Lemma 2.1.) The controller £9-5[—4, —1, —2] satisfies the controller regulator equation condition
but fails to guarantee robust stability. As an example, the system m x P9-5 x K9-5[—4, —1, —2] described by

05 0 —0.125]1

N 1 05 0 10 N
m x PYP % K99[—4,—1,-2] : <xk+1>: 0 1 o5 io ® L | k- (53)

0 0 —05 i1

is unstable, because the A-matrix in the description (53) has a spectral radius 1.3641 > 1.

The controller /9-5[—0.04, —0.2, —0.1] passes both the Regulator Equations and Robust Stability tests.
The regulator equations are satisfied by construction, while the Robust Stability property is computation-
ally verified using the analysis method in the forthcoming Section 5.2. In particular, the A-matrix in the
representation of m* P95 % K$-°[—0.04, —0.2, —0.1] has the spectral radius 0.9524 < 1, and is thus stable.

Let us demonstrate composite optimization with channel memory by solving a soft-LASSO-type quadratic
program [1] parameterized by a matrix @ € R?00%290 and an offset 8o € R?0%:

5" < angmin 5 (6 5) Q8 ~ Ba) + Xz ). (54
The matrix @ in (54) is a randomly generated symmetric matrix with eigenvalues between 1 and 10. The
vector g has randomly generated entries in {—100, ...,100}. The optimal solution 8* satisfying ||5*||; < 300
is unique and has 14 nonzero entries, and the optimal value is f(3*) = 3.1685 x 10%. The problem in (54) is
an instance of (1) with functions f1(8) := (8 — 8g) ' Q(8 — Bg) and f2 = x|, <300(8)-

We solve the composite optimization algorithm in (54) using the optimization algorithm F x G with
G = P{® % K95[-0.04,—-0.2, —0.1]. Starting from a random initial condition in which each element of g
is uniformly drawn among integers {—150,...,150}, we execute the algorithm F x G using the procedure
in (20). Figure 10 plots traces of the first 50 steps of this iteration. The top-left subplot draws z; for
all coordinates, and the top-right plots the error z; = z; — 1, ® 8*. The bottom-left subplot shows the
subdifferential wy, and the bottom-right subplot visualizes the subdifferential error wy = wx — Nw*. The
errors (Z,w) both are convergent to 0.

Figure 11 visualizes the convergence in (48) for the signals (¥, £, y,u) over the course of the algorithmic

execution. This convergence involves the unique regulator equation solutions (II,T', @) from (50) along with
O= (-1 b))l

22



Iterate Iterate Error
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Subdifferential Subdifferential Error

Figure 10: Signals (z,w) and errors (Z,w) for networked execution of the quadratic program in (54)

2 tracking y tracking

2N —1Id
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¢ tracking u tracking

u—1Id

Figure 11: Tracking of (zV,y, &, u) signals based on d = (—3*, w*)
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3.5 Convergence under Direct Interconnection

In the case of direct interconnection dynamics in (32), the error system P in (41b) is static with

~ | wk
k. 011, @1l 0l '7”5;
PS : Ck - 0 15 ® IC 0 Isc Ak . (55)
77777 w
Yk I.: 0 NiO ) |-
. "
The corresponding test system P™ = m * P? is also static with
i —p*
1@l 011
P () = s Ble it o |- (56)
Yk m(l,®1) Nim | |-
. ur
The regulator equations (47a) for PO in (55) are satisfied by
H:Ha F:—(]_S@Ic O), (I):(O N) (57)

The controller regulator equation (47b) may be expressed using the parameters in (57) as

/L; — I O —B(),N
( Ce ) ©= < ~(1,®I.) —D(,,N> ' (58)

Let us relate the regulator equations in (58) to existing results in the optimization literature. The work
in [14] considers the Kronecker-structured setting with N*®@1. = N. A system I with Kronecker-structured
representation (A4.%, B.%, C.%, D.%) forming an algorithm F * /K satisfies the Fixed Point Encoding property

of [14, Definition 1] (based on prior work in [34]) if the following containments hold [14, Proposition 1]:
B.AN* 0 I1—A.“°
ran ' Cran : ) (59a)
D(:aNa *13 *C(:a
Na@ TC(?a N@ TD(,O‘
null ( A8 -1 B ) C null ( ( >o a iT : ) . (59b)

Algorithm convergence in [14] is based on the verification that (A.%, B., C.%, D.*) satisfies (59a) and (59b),
and F % K obeys a Lyapunov stability property based on interpolation conditions [66].

Proposition 3.1. If a Kronecker-structured controller K with representation (A., B.,C., D.) satisfies the
regulator equation in (58) and (A.—1I B.) has full row rank (e.g. if (A., B, C., D.) is a minimal realization),
then both conditions in (59) are satisfied.

Proof. Range-space condition: The range-space condition in (59a) can be recognized as a Kronecker-
structured and sign-adjusted version of the equation (58). If ©® solves the Kronecker structured instance of
(58), then (59a) is certified with

I— A BAN®
AN loa [ O LYo O BN (60)
—C,e I, 0 1, DN

Nullspace condition: If (A. — I, B.) has full row rank, we note that dim(null(A. — I B.)) = s¢; due
to the Kronecker structure, we infer implies dim(null(A.* — I B.*)) = s. Letting n. be dimension of A.%,

we can partition and rearrange (58) in the Kronecker structured setting into

A —T B, o e5) _ (00} (61)
C.o Do 0 N© 1, 0
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in which ©¢ € R™*! and 0§ € R™**(s~1)_ Equation (61) shows ('.*6¢ = 1, which implies that rank(©§) =
1. The matrix N¢ € R$*(5=1) hag full column rank because N is a Kronecker-structured consensus matrix
(Definition 7). We therefore have

dim (null( A2 —1 B )) =s, dim (ran ( @Olll ](:)[(2; )) =S5, ran ( O% ]?]% ) - null( At —1 B ),

(62)
A 0f 04 . .
from which it follows that ran 0 Ne = null( A —1 B.° ) We continue by noting that
Ne T(,j(.a Ne TD(,“ ®¢ ¢
(N?) “( )T - 1 2 =0 (63)
0 1, 0 N@
if using the regulator equation (61) and the relation 1] N® = 0. Together, this implies (59b) since
a a N T /('a N TD(‘a
null ( ALl -1 B ) =ran o1 O C null (V) "Gt (V) ' : (64)
0 N 0 1/
O

4 Structure of Optimization Algorithms

Controllers K forming well-posed convergent optimization algorithms F'x(PxK) satisfy structural constraints
arising from the regulator equation (47b). Requiring D. to obey an information structure as D. € Liug,
imposes a lower-bound on the order of /. These controllers K also admit a factorization into a network-

dependent internal model and a core subcontroller carrying the algorithm parameters.

4.1 Information Structure
Our first structural property involves an interplay between well-posedness and information constraints.

Theorem 4.1. Under Assumptions 1-3, consider a network P, a function class Oy, 1, a set Linso C R™= X"
arising from the information constraint, and a given solution (II,T', @) to (47a). Define rp := dim(null(I"))

and rre = dim(null(®) N null(T)), and let rinto be a lower-bound on the solution of the optimization problem

Tinfo =minimize rank(D..) (65a)
subject to D, € Lingo such that F x (P * K) is well-posed for all F € Oy, . (65b)

Then any controller K with representation (A., B.,C., D.) such that D. € Linto and F x (P x K) is a

convergent optimization algorithm for all F' € Oy, 1, must have at least Tinso + 71 — rre — Ny States.

Proof. If C. has 7 columns, the number of states of K with the representation (A., B.,C., D.) is 7. Since
7 > rank(C.) > rank(C.0), it suffices to show rank(C.©) > ring + 0 — 776 — ny. We exploit the bottom
equation in (47b) which reads C.© = T' — D.®. Let & = (Z; Z3) be an invertible matrix such that

ran(Zz) = null(T") and where Z3 has full column rank. We infer

rank(C,0) = rank(T' — D,®) = rank((T' — D,®)=) = rank ( IS, — D.®E;, —D.PE, ) , (66a)
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leading to

rank(C.0©) > rank(D . PE;) = rank(Z3) — dim(null(®) Nran(E3)) — dim(null(D.) Nran(P=y)). (66b)
Dropping ran(®=5) in the right-most intersection and using ran(Z3) = null(T") yields

rank(C.0) > dim(null(T")) — dim(null(®) N null(T")) — dim(null(D.)) = rr — rre — dim(null(D.)). (66¢)
Noting dim(null(D.)) = n, — rank(D,), we obtain

rank(C'.0) > rp — rre — ny +rank(D.) > ringo + 10 — 1o — Ny, (66d)
which finishes the proof. O

Remark 4.1. Finding an exact solution to the optimization problem in (65) may be intractable. A spe-
cial case where this is possible involves the direct interconnection (32) where Lingo enforces block-lower-
triangularity of D.. By Proposition B.6, well-posedness of F x I for all F € Oy, 1 with a block-lower-
triangular of D. requires that [D.]; must be invertible for any i € {1,...,s} with L; = oo. Letting
t = #(L; = 00) be the number of possibly nonsmooth oracles in O, 1, any well-posed algorithm F x I
must satisfy rank(D.) > te. Since (rr,rro,ny) = ((s — 1)¢,0,s¢), Theorem 4.1 leads to the lower-bound
(t — 1)c on the number of states of K.

This (t — 1)c bound is found in [85, Theorem 8.1]. The work in [85] builds upon prior results in [S6], in
which [80, Theorem 3.5] reports an order bound of (s — 1)c for the special case that t = s.

4.2 Internal Model Structure

Our second contribution on structure is the application of the internal model principle to obtain a decomposi-

tion of optimization algorithms. This factorization is developed under the following additional assumptions.

A—1 B
Assumption 4. The matriz ( 2

has full column rank.
C1 D2

Am™ pm
Assumption 5. The pair << 0 Il ) , ( c* D3 )) is detectable.

Assumption 4 ensures that the regulator equation in (47a) has at most one solution (II, T, ®).

Assumption 5 is standard in linear regulation theory, and serves to ensure the existence of an internal-
model-based controller K such that F'x(PxK) is a convergent optimization algorithm for the test quadratics
F*' (further motivated in the forthcoming Remark 5.1). In the case of a direct interconnection (32), the

condition Y_7_, m; # 0 (Assumption 1) is necessary and sufficient for Assumption 5 to be satisfied.

Theorem 4.2 (Algorithm Structure). Under Assumptions 1-5, if K has a minimal realization (A., B, C., D..)
and F x (P x K) is convergent for all F' € O, 1, as certified by Theorem 8.1, then there exist

1. a unique (I, ©,T', @) solving the regulator equation (47),

2. an internal model system Xy that depends only on (IL,T, ®),

3. and a core subcontroller 3., with (X .00)ss lying in a ©-parameterized affine space L .,..(O)
such that the controller K may be factored into a cascade K = ¥pin> core, aS visualized in Figure 12.

Proof. See Appendix E for the full proof. O
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Figure 12: Factorization of the algorithmic interconnection F' x (P % K) into F % (P * (Zpmin * Zcore))-

Let us summarize the construction as follows. By Assumption 4, the solution (IT,T', ®) of (47a) is unique.
We introduce an invertible coordinate-change matrix R € R%°*%¢ with the partitioning R = (R; Rz) such
that ran(R;) = null(®). Using r := dim(null(®)), we partition the following products based on their first r

columns as
HR:(H1 Hg), FR:(I‘l F2), @R:(o c1>2), @R:(Ol @z). (67)

If right-multiplying both sides of the regulator equation in (47b) by the matrix R, we get

Ac B ©1 02\ _ (616 (68)
C(Z D(: 0 ¢2 F1 FQ .

Any O that solves (47b) under Assumptions 4 obeys rank(©;) = r by Lemmas E.1 and E.2. It is then

possible to choose an invertible matrix @ to transform the controller state as £ — Q¢ such that

iap [ I ©12
ron (122 o

Then the internal model ¥,,;;, and the core subcontroller >, are given by

7 I ; 0 A core lg(:uro
Emin . " - % 9 \;:(;m'o : (w('or(\,l l)(‘m'(‘l . (70)
=I'1] 01, C D
‘core2 core?2

The affine space L..,.(0) constraining the state-space matrices of >, is defined by the equation

A'"L‘m'v B(‘m'(‘ 0

. @22

( corel D(‘m‘vl ( (I) ) = @22 ) (71)
(7'(‘(\1‘02 I)<‘(\1<‘2 2 1—‘1@12 + FQ

in which the notation L.,.(©) refers to the dependence on (012, ©22) from (69). The cascade interconnection

K = Ymin Zeore Of the controller hence admits the representation

: Acore | Beore
‘4(‘ B(. 7114(. 71B(. Ir Ir i 0 core core
w’ ’ = Q Q ‘ Q - = } (Ymmtl /)(t()]'t‘,l (72)
(/r; D(; Cr:Q ‘ Dc _Fl ‘ 0 iInu ”
' C('m’(‘Q th re2

The controller factorization in (72) is visualized in Figure 13.

By virtue of Theorems 3.1 and 4.2, the controller synthesis task (Problem 2) can be formulated as follows.
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‘4 core lj('(,)]'(,‘
U (Y('ul'(\l D('Ul'(‘l
(/Y('<>|'(‘2 /)(‘()I'(‘2

Figure 13: Factorization of K (left) into an internal model and a core controller (right)

Problem 3 (Structured Synthesis). Given a network P from (30), a function class O, 1, an internal
model Xpin, and spaces Linto, Loore(0O), find parameters (0©12,022) and a subcontroller ¥ or (70) with a
representation in L .,..(0) such that the system F x (P * (Zmin>core)) @8 an optimization algorithm for any

F € Oy, 1, and such that the information constraints are satisfied as D .orc2 € Lingo-

Example 4.1. In the special case where 3 ., is static (A.o.. =[], O = []), the constraint (172) reads as

l)(,m‘r 1 0
Loore(©) : P, = . 73
©) ( D eore2 ) ? ( [0+ 1T ) (73)

The class K¢ (b) in (51) from the Channel Memory example is a specific instance of a Kronecker-structured

algorithm with a static >.,,.. When a # 1, the regulator equation in (50) leads to
a 1 a 1 a a (1 - a)h a
null(®@*) = ran 0] e = L] s =0, oG = 1 , o = —bo. (74)
The algorithms in (51) may be represented as an interconnection K§(b) = Lpin2 core with

(1-a)"by  bo
Z((/H, = (1 — Oz)hbg 0 ® IC- (75)
(1 —a)(by +by) by

Appendix F discusses how Theorems 3.1 and 4.2 are situated in the literature of output regulation and
the internal model principle of control theory.

The structural results in Theorems 4.1 and 4.2 not only apply to strongly convex optimization problems,
but also to more general problems. As an example, a convex composite optimization problem (12) with
m; > m} at each i € 1,...,s and >.._, m} = 0 may not have a unique solution *. Given that O, 1.
satisfies Oy D Oy 1, any controller /' forming an convergent optimization algorithm F' x (P x K) for
all F' € Oy, 1 satisfies Theorems 4.1 and 4.2. These structural properties on /i also apply to algorithms
that solve variational inequalities and monotone inclusions [387], in which the solution to strongly convex

optimization arises as a specialization to fixed point equations based on a general solution concept.

Remark 4.2. If Assumption 4 was removed, then there could exist multiple (11, ®,T') solving (47a). Letting
r denote the minimal value of dim(null(®)) over all solutions of (47a), any solution (IL.,®.,T'.) of (47a)

with dim(null(®,)) = r defines a family of minimal internal models.

4.3 Structures under Direct Interconnections

We now explore structures of optimization algorithms under a direct interconnection in (32) (such that the
algorithm reads as F'x G = F x K without networked dynamics), and demonstrate factorizations of existing

optimization algorithms for composite optimization. The matrices I' = — ( 1, 1. 0 ) and ¢ = ( 0N )
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from (57) with » = dim(null(®)) = ¢ and generate the internal model and affine constraint

11(‘\)1"(‘ B(‘\m\ 922
11 0 , Oas
Emin : 1.10 I ® Icv 'C(:u\'o(@) : (Y('m'wl D('m'vl N = 0 . (76)
s ® (w(‘(n'(‘,Q D(‘(\l‘(‘2 *(]-s ® Ic)®12
The integrator cascade in (76) is visualized in Figure 14.
F <
J
w z
flm,n‘e B(‘u!‘(’,
1. I. 0O
p(t(\u‘l D('()l(‘l
1, 1.1 0 I,
(V("(|H‘,2 l)(",(>l!\,2

Figure 14: Decomposition of an algorithm with a direct interconnection

Existing algorithms can be decomposed using our structural results.

Example 4.2. We perform factorizations of the Chambolle-Pock [2], Fast Iterative Shrinkage-Thresholding
Algorithm (FISTA) [55], and Forward-Reflected-Backward splitting (FRBS) [59] algorithms. The following
list documents the original system G, the core subcontroller > .,,., and the associated matriz © in the requlator
equation (58) for the original system representation G.

The Chambolle-Pock procedure [2] with parameters (11, 72,0) decomposes as

1 —T1 —T1 0 [ 0 0 1
qe — 0 0 0 1 ’ fo”,.( _ —T1 —T1 0 7 0 — -1 0
1 —T1 —T1 0 —T1 —T1 0 0 -1
1L —n(1+0)|-n(1+6) -1/ [ = —n(1+0)|-n(1+6) —%
Fast Iterative Shrinkage-Thresholding Algorithm (FISTA) [58] with parameters (q,\) decomposes as
ro2 1-vq [ va-1
+va  1+va —A —A qw;1 A
. 1 0 |0 0 ﬁ;l —A —A a =10
G = 2 _1,\/5 0 0 ) Z('m'r = ﬁ—l O O ) @ = ] 0
+va 1+ Vat1
2 _1va| oy e S N
L 1+./q 1+4q L Vvat+1
Forward-Reflected-Backward splitting (FRBS) [59] with parameter X decomposes as
(10 A[—21 -\ [0 —A[—2x A
100/ 0 O 0o 0|1 0 -10
G*=|000 1 0 [, ie=10 X|2Xx =X|, =] -10
100/ 0 O 0 0|0 O 0 1
[ 10 AJ=2X =X [0 A [=2X =2
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In each case, a state-coordinate change Q) exists such that the first column of C* is 15. The similarity

transformations for each example are

100
10 10
QChambolle—Pock = (0 1 > y QFISTA = ( 11 > ’ QFRBS = 110 . (77)
001

The controller > .,,. can then be read from the system matrices after performing the similarity transformation.
We next form an association with existing structural decompositions in [62] for gradient algorithms.

Example 4.3. Theorem 2.1 of [62] shows that any algorithm with D = 0 and s = 1 can be written as a
cascade with an integrator at the input of the controller. Our work leads to an integrator internal model at
the output of the controller instead, and generalizes to algorithms with s > 1 and/or D # 0.

Figure 15 visualizes decompositions of the Triple Momentum method [/ 3] with parameters (a,n,06). The
Triple Momentum procedure is depicted on the left. Its integrator-at-input factorization from [02] is on the

top-right, and our integrator-at-output factorization on the bottom-right.

Ul ! 1

[a(é— 6+ 1)) |—a(d+1) z

ot
J

Figure 15: Factorizations of the Triple Momentum method from [43]

4.4 Static Core Subcontrollers

The Davis-Yin factorization in (3) involves a Kronecker-structured static core controller .. (with A ... =
[],022 = []). The factorization in (3) is a specific instance of a general pattern involving static and
Kronecker-structured ... systems under direct interconnection dynamics (32).

Any core subcontroller >, in this setting admits the representation

/)('m'(\ l)(‘uwa
>:(‘()I’l - l ! ] = ®Ica <1> e R(SJrl)XS, (78)
D('Ul’(‘2 a

in which D...{ is a row vector and D.,,.§ is a square matrix. The structural constraints on the entries of

Deored and D..0d from (71) are
Deorei N* 0
Leooe(0): ! = : (79)
D('« »1’(‘%Na _18(—)%2

The constraints in (79) further imply (N®) " D.,.$N?® = 0.

/)(’(m'(f

D('m(‘?
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Theorem 4.3. If the algorithm F x G described as (15) with s > 1 has Kronecker structure and a static
core controller ..., then > .,.. may be described by parameters by € R, by € R* by € R® as

v a_ |Deoret | _ bol,
o 1)(:0/«62! bl l;r + ]-GbQT

If D o5 = D is a lower-triangular matriz, then the parameterization of the set of controllers describing
(80) is further restricted to a 3-dimensional subspace (bg,bi1,ba1) € R® with (by1.s—1 = 0 and baa.s = 0).

The associated ©12 matrices used in the constraint (79) are

1] ko1

®I. 80
1 (011] + 1,69 (80)

®Ica G:[

General : O = ( —11—by N > ® 1. (81a)

Lower-Triangular D* : O10 = ( -1 ‘ —ba1 O1xs—1 ) ® I.. (81b)
This value of © is dependent on the algorithm parameter bs.

Proof. General case: Because null((N%)") = 1, the matrix 1., .¢ must satisfy (D.,..$)" € ran(1,).
Thus, there exists a by with D.,.§ = bol;r. The kernel of the affine mapping D (Na)TDNa is spanned
by (b1,b2) € R?® asby1] +1,b5 due tonull(N*) ") = 1,. Furthermore, (b11] +1:b5 )N = 1,bg N = —1,0%,,
which proves ©¢, = —bj N in (81a).

Lower triangular: The algorithm matrix D° is equal to D..,.5. Lower triangularity of D.,.§ implies
that (b1 1.s—1 = 0 and by 2. = 0) in the matrix b;1] + 1:b5, completing the proof. O

Figure 16 visualizes the factorization in the lower triangular case with the parameters (bg, b11,b21) € R3.

ol (T bo b by ... | AWE
: S 1l1i0
- ba1 0 0 .. |®lf— [TS'FZ ® I
bo1 0 0o ... i
_b11+b21 b1 b ...

\S — J

Figure 16: Lower-triangular structured algorithm factorization from Theorem 4.3

Corollary 4.1. In the lower-triangular Kronecker structured case, all main-diagonal elements of D;; with
i =142,...,8 — 1} are zero. Ensuring well-posedness of this s-dependent family of algorithms requires that

L; < oo for all i between 2 and s — 1 by Proposition B.6.

Table 3 summarizes the parameters in (80) for existing optimization algorithms. We highlight that the

Davis-Yin factorization in (3) is a specific instance of the structure in (80).

5 Synthesis of Optimization Algorithms

Problem 3 offers a method to synthesize optimization algorithms in the networked setting by searching over

Yeore- Any core subcontroller ¥, with a representation in L....(0) (which is expressed as (X oe)ss €
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Algorithm Parameters s bo bi1  bo

Gradient Descent @ 1| -« 0 0

Proximal Point Method A 11 =2 —=Xx 0
Projected Gradient Descent « 2| —a —-a -«
Douglas Rachford [33] Y, A 2| =y =y -7
Forward-Backward [90] vy 2| —y — 0
Davis-Yin [11] Y, A 3| =X —y —y

Table 3: Parameters describing block-lower-triangular, Kronecker-structured algorithms F' x G with A = [/]

Leore(0)) satisfies the Regulator Equation condition for convergence in Theorem 3.1. In this section, we use
LMIs to verify the Robust Stability condition of Theorem 3.1. Our objective in control synthesis is to ensure
that F x (P % K) is exponentially convergent for all F' € O, 1 with minimal worst-case convergence rate.
All synthesis programs are formulated in the strongly convex setting (3_;_, m; > 0), which is stronger than
Assumption 1.

The algorithm synthesis can be accomplished in a nonconvex or an alternating convex manner. This
division is based on how to incorporate the regulation constraints. The nonconvex approach involves the
cascade interconnection K = ¥, Xmin. Design of ... under the constraint (Score)ss € Leore(©) is generally
NP-hard [91], because affine constraints are imposed on the elements of (Acore, Beores Ceore1s Ceorez). However,
imposition of convex constraints on D.,,.1, Deorea may lead to convex controller design problems (e.g. if
Dy =0).

The alternating convex method is based on a full-order internal model ¥¢,;; such that the interconnection
K = Yqn*2 for any system X ¢ will lead to satisfaction of the regulator equations. Alternation is performed
between the convex problems of searching for a controller > to certify convergence, and searching over filter
coefficients describing valid dissipation relations satisfied by uncertainties in the class O,, 1. The full-order
internal model methodology generally yields higher order controllers as compared to structured control, but

offers an (alternatingly) convex computational formulation.

5.1 Exponential Convergence Rates

The speed of an algorithm may be judged based on exponential convergence rates. This can be used in

quantify and analyze performance of algorithms, and as an objective when synthesizing fast algorithms.
Definition 8. The convergence in Definition 3 is exponential with rate p > 0 if
Jdy>0, VzpeR" keN: max{||zy — %2, lwr — w* |2, |2x — 2 l2} < V" ||z — 2|2 (82)

Following [63], we now sketch how the exponential weighting of signals allows us to develop guarantees
for exponential stability of the algorithmic interconnection in Theorem 3.1. Given a fixed rate p > 0, the

p-weighting T of a sequence = = (x1)pen is defined as Ty, := zp~* for k € N. For Fe O%?L, the p-weighting
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of the signals (zV, €, z,w) in the interconnection F % (P % K) in Theorem 3.1 leads to

F: Wy € pikﬁ‘(pkfk),
TR p~'A|p~'Byip ' By zy
P z = C D D w ,
L 1 1 12 D, (83)
Yk Cy | Doy D, g,

R’ . gk+1 — pilfl('f pich 5714,
Uk, C’Y(:' ‘ DC Yk

If G = P K is described by (A, B,C,D), then the system that G := P % K admits a description with
(p~*A, p~'B,C, D). Hence, F x (P ) = F x G is compactly described by

To | _ (2B (o , W € p FF(pFz), (84)
Zk C ‘ D W,

where 7 is defined as z, := col(zL, &) for k € N. Note that (84) emerges from F«G (described as (15) with
F instead of F, see Figure 17a) by p-weighting the signals (z,w, z), and both have the fixed point (0,0, 0).

We say that (84) is Lyapunov stable if is well-posed and satisfies
Iy>0, Vi eR" keN: max{||Zk||2, | Dk |l2; |Zxll2} < YZol2- (85)
This implies that F x G is well-posed and satisfies the exponential convergence property with rate p:
Fy>0, Vo eR" keN: max{||zx|l2, [|well2, || zx]l2} < vo"[|zoll2- (86)
We arrive at the following variant of Theorem 3.1 to guarantee exponential convergence of algorithms.

Corollary 5.1. Suppose that I — Dy D,. is invertible, that (84) resulting from the p-weighted interconnection
(83) is Lyapunov stable for all F € OV, 1, and that the regulator equation (47) has a solution. Then Fx(P+I)
described by wy, € F(zi) and (46) is well-posed and p-exponentially convergent for all F € Oy, 1.

5.2 Analysis

In extension of [92] for s = 1, the goal is to construct an LMI-based method to guarantee that (84) is

Lyapunov stable. We use the matrices
. . —1 - i Ics
m := diag(m) ® I, o :=diag(L—m) " ® I, Vg = | ot (87)

and recall that any F € Oy, 1, satisfies the dissipation relations in Lemma B.3. With the corresponding
coefficients collected as X; = (A),..., AL )forie{l...,s} and A = (A1,...,\s), we can define the filters

01 xvpmax—1 0 1

VA)Y=| I,..1 O,. 1x1|0 | ®L and U(A\) = blkdiag(TH(A),..., U5 (\%)), (88)
i 2\ ‘)\i
1:Vmax71 Vmax 0

which are linear systems with initial condition zero. If A satisfies the constraints (134), the conclusion of
Lemma B.3 reads as follows: Zf;ol . 71, > 0 holds for any T > 0, any Fe O?n, 1, and any signal satisfying

P = W(\)p, ( g ) = S ( Z) and @y, € p "F(p%,) for ke N.
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Figure 17: Framework for computational algorithm analysis

Following [02, Section 3.2] and if I —mD is invertible, we construct the filtered interconnection G¥(\) :=
U(A) (2, .+G) as depicted in Figure 17b by standard operations; this leads to a description (A, B, C()\), D(\))
in which C()\) and D()) are affine in A. We then arrive at the following extension of [02, Corollary 18].

Theorem 5.1. Under Assumptions 1-5, suppose we are given a network P, a controller K such that Px K is
well posed, a rate p > 0, and a mazimal filter length vinax € N. Then the algorithm F (P x K) is well-posed
and p-exponentially convergent for all F' € Oy, 1, if the following conditions hold:

1. Information Constraint: D is block-lower-triangular as in (21).

2. Robust Stability: With (A, B,C()\), D(N\)) representing GY(\) := U(A) (. * P* K), there exist a

matric M = 0 and a coefficient vector A\ satisfying the constraints

PN T PN N N T N N
A B M 0 ABY 1[¢n) D 01\ (¢ DO
(I 0) <O—M><I 0>+2<0 I ) (IO)(O I )<0’ (89)
e AL S 0, AL <0, Wr>1, Vie{l... s} (39b)

3. Solvability of Regulator Equations: The regulator equations in (47) admit a solution.

Proof. Due to Corollary 5.1, it suffices to prove that (84) is Lyapunov stable.

Since the “D”-matrices of P and P coincide, we observe that P satisfies Assumption 2 and G = P % I
is well-posed. Hence I — Dm is invertible and, therefore, ,, 1 x G is well-posed, having the “D”-matrix
—ol +D(I — mD)~!. Since the “D”-matrix of the state-space representation of W(A) in (88) is A =
diag(A\yIe, . .. A§1.), we conclude that D(\) = A(—o ] + D(I — mD)~!). Now note that (89) implies

D)+ D) < -BTMB =<0. (90)

Hence Sym[A(—al + D(I — mD)~1)] < 0, and thus Sym[A(eLD — )" (I — mD)] < 0 by Lemma B.7. In
view of Condition 1, we conclude that (22) is satisfied, which implies that (F~*—D)~? is globally continuous
for all F' € Oy, 1, by Lemma 2.1. For Fe (92% 1., global continuity of (F —1 — D)~ implies global continuity
of (p~#(F(p*.)~1 — D)~ for every k € N by Proposition B.5, which in turn guarantees that (84) is well-
posed. By following routine dissipation arguments [63, 92], the LMI (89) guarantees that (84) is Lyapunov
stable. O

The identity filter ¥(\)(z) = I obtained with \j = 1 and A\, =0 for v € {1,...,Vmax} and i € {1,...,s}
always satisfies the condition in (89b). Due to the KYP Lemma, feasibility of the LMI in (89b) can be
interpreted as certifying strict anti-passivity of the system in Figure 17b, or strict negative-realness of the

) ]'

corresponding transfer matrix |

34



5.3 Structured Synthesis with Minimal Internal Models

The interconnection for structured synthesis to solve Problem 2 is depicted in Figure 18. For a fixed rate
p > 0, it involves the joint search over filter coefficients A, controllers >, and regulator equation parameters
O satisfying the subspace constraint £..,.(0) in (71).

T [y b—2 {—a’ I}¢

I m
—
w z
ptA|pT'Biip !By
Cy D, Dy,

L Cy | Dan Do J‘

1 "4("01(‘ 71 I)(‘Ul'(‘
14 : |P Jcore ‘ ,0_1I 01

—1
, p I
(/v('()l e D('\)]'(‘ [
ot ! J d T | 0 I

D(‘()1‘<‘2

Il

Y
‘core2

Figure 18: Filtering framework for structured synthesis with a minimal internal model
To ensure well-posedness of the synthesized optimization algorithm, we require the following assumption
on the given information structure L, from Section 2.9.

Assumption 6. The information structure constraint Lin, € R™*™ s taken to ensure that D = Dy +
D1oD (I — Dy D)"Y Dyy is block-lower-triangular for all D. € Lingo-

When K is formed by the interconnection KX = Xin>cowe, then D. = D...00, and the information
constraint can be posed as D o0 € Lingo. Furthermore, the matrix ..o is unchanged by the exponential

weighting in >.... as compared to > .

Problem 4 (Structured Synthesis). Let Oy, 1, be a class of operators, Lingo be an information structure set,
and P be a network model such that Assumptions 1-6 hold. For a rate p > 0 and a core controller controller
dimension ng, find matrices (©12) € R™°°™" and (©22) € R"™7%5°" ¢ core subcontroller ... with a

state-space representation (2 ..,.)ss, and filter coefficients X such that the following hold:
1. The constraints of D .,,.o € Linto and (¥ .0,c)ss € Leore(0) are obeyed and Px(Zin 0. ) is well-posed.
2. The LMI in (89) is feasible for the system G(A) =UA) (S * Px (Zpmin>core))-
By repeatedly solving Problem 5, the rate p may be minimized through bisection.

Proposition 5.1. For any solution of Problem 4, the controller K = Y2 c0re leads to a well-posed
algorithm F x (P x K') which converges exponentially with rate p for all F' € O, 1.

Proof. Due to Theorem 4.2, the choice of K guarantees that the regulator equations (47) admit a solution.
Then the claim follows by applying Theorem 5.1. O

Appendix G explains how to use tools from robust control and nonconvex optimization to search for a
solution of Problem 4.
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5.4 Alternating Convex Synthesis with Full-Order Internal Models

The structural constraints in Condition 2 of Problem 4 are induced by working with an internal model
of small order r, which renders the design of the subcontroller non-convex. In this section we propose a
full-order internal model, which leads to controllers and algorithms with larger state-dimensions, but which

opens the way for (alternating) convex algorithm design algorithms.

Definition 9. For a network P and a solution (II,T, ®) of the plant requlator equation (47a), a full-order

internal model Xg,; and a unstructured subcontroller >y are defined as

I.s10:1 0 As | By
X puil : -rjoi0o I and Y= | O D | (1)
d [71i00 Cf2 Df2

Proposition 5.2. For a network P and a solution (II,T, ®) of the plant requlator equation (47a), the full-
order internal model X,y and any subcontroller ¥y define a controller K = Y, % X with a representation
such that the controller requlator equation (47b) is satisfied with © = [—I.s 0]T.

Proof. The interconnection /X' = Xgy % 25 is well-posed and has the state-space representation

Ies —Dp1® Cy1|Dp
K= 7Bf(I) Af Bf . (92)
—T = Dys® Cyz| Dy

By inspection, we infer

Ics_Dfl(I) Cfl Dfl _Ics _Ics
—B;® A | By o |=| o (93)

—T = Dfs® Cya| Dys ® r
O

The systems *.... and X ; can be related to each other as follows.

Theorem 5.2. Let (II,©, @) be a solution to the regulator equation (47), R be a basis-change matriz as in
(67), Xmin be an internal model constructed from (70), and Xy, be a full-order internal model from (91).

We have the following correspondences:

1. Given any full-order subcontroller ¥y, there exists a system > orc With (X core)ss € Leoore(©) such that
(Zminzt(w(,)ss — (qull * Zf)ss-

2. Given any > ore With (X c0,)ss € Leore(©), there exists a Xy such that (Emin> core)ss = (Bputr* X f)ss-
Proof. See Appendix H. O

Any controller > can be factorized into a >, € Lcore(©) and the model Xp;,. Any controller ¥, can
be lifted into a plant > in which the acquired g, x > 5 may have a non-minimal representation. Theorem
5.2 ensures that no conservatism is introduced when searching over controllers 3 ¢ as compared to performing

a search over ... via Problem 4.
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Remark 5.1. Theorem 5.2 justifies the requirement of Assumption 5 in full-order and structured synthesis
of optimization algorithms. The interconnection Ft*(P*qu”) =mx*(P*Xp) = (mxP)*xXp = P™ %X
(extended test system) formed by using the test quadratics (42) admits the following description with (45):

Am|{ _pmr |0 Bm
0 I |L. 0
cml —pmT [0 Dm
CRio-D™T|0 DR

P™ x Efu” : (94)

I -1I
A state-coordinate change with 0 I and using the requlator equation (47a) (following Appendix D.1)

leads to the following equivalent representation P of P™ % Xpu:

Amipm| pm
0 | I |l O
cmipm| 0 DM
cmipm| o Dm

Pr: (95)

Am pm I B»
The existence of a controller ¥ ¢ that internally stabilizes Pri is guaranteed iff (( 0 Il ) , ( ; 02 >>
sc sc

A™m Bm
ISC
(A™ BE) is stabilizable, while the latter is exactly enforced by Assumption 5.

is stabilizable and , ( crm DR ) is detectable. The former is assured by Assumption 3 since

Given any structured controller 3 .,,. satisfying (X ore)ss € Leore(©) with internal model ¥, Theorem
5.2 ensures that there exists a Xy with K = Xpin2core = Zpui * 2p.  Therefore, Assumption 5 must be
satisfied to ensure the existence of a structured controller (> .,,.)ss € L.ore(O) in the synthesis of convergent

optimization algorithms.

Given a network P and a full-order model g,y from (91), the original plant to be controlled by X is
P x Y. Figure 19 visualizes the overall system setup for p-exponentially weighted synthesis. The goal
of full-order synthesis is to choose a subcontroller ¥, such that the system formed by interconnection with
input ¢ and output 7 satisfies (89).

To enable a convex design of X, we introduce the following assumption.

Assumption 7. Given a network P and an information constraint set Lingo for D., there exists a convex
set LP C R™*"y with an LMI representation such that

X(I —DyX)™' € Lingo holds for all X € LP. (96)

As an example, if Li,g only enforces block-lower-triangularity of D. and Dy € Ling, then Assumption
7 is respected with £ := Linp. If Do = 0 and Lingo is a set with an LMI representation, we can as well
choose LP := Liys to satisfy Assumption 7.

The full-order controller synthesis problem reads as follows.

Problem 5 (Full-Order Synthesis). Let O,, 1 be a class of operators, L an information structure set
derived from Lz, and P a network model such that Assumptions 1-7 hold. For a rate p > 0 and with the
full-order internal model Lz, from (91), find a controller ¥y and filter coefficients A such that the following
conditions hold:
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Figure 19: Filtering framework for synthesis with full-order models

1. The constraint Do € LP is obeyed.

2. The LMI in (89) is feasible for the system G(A\) = U(A\) (.1 % Px (Zpun* 2p)).

For fixed filter coefficients A, the design of >¢ in Problem 5 can be convexified as described in Appendix 1.
For a fixed controller X¢, the search over A is convex. This permits the minimization of p by the alternating

solution of convex programs for (A, ¥¢) and bisection in p.

Proposition 5.3. For any solution of Problem 5, the controller K := Xy, ;x3; leads to a well-posed algorithm
F (P % K) which converges exponentially with rate p for all F € Oy, 1.

Proof. Due to Proposition 5.2, the choice of K guarantees that the regulator equations (47) admit a solution.

Then the claim follows by applying Theorem 5.1. O

6 Numerical Examples

Code to generate the following examples is publicly available!. All code was written in MATLAB (R2023b).
For structured synthesis, the nonconvex optimization problems were solved using hinfstruct with fixed
matrices O [93]. For full-order internal models, the linear matrix inequalities were solved using LMILab [94]
from the MATLAB Robust Control Toolbox. Synthesis and controller recovery in the provided experiments
always impose Kronecker structure.

6.1 Two Operator Splitting over Networks

Our first example involves constrained optimization (Problem 1 for m = (m4,0), L = (L1,00), 0 < my <
Ly < o0), with fo = Iz for a closed convex set Z. Hence the resolvent (I + v0f2)~! is the projection

Ihttps://github.com/jarmill/composite_opt
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operator onto Z. This scenario will be explored with a specific network and with a parameter sweep. The
o (

information constraint Li,¢, enforces that D....o has the block-sparsity pattern , in which e denotes
o o

possibly nonzero entries. This block-sparsity pattern therefore allows for proximal evaluations of both df;

and 6f2

6.1.1 Single Delay

This scenario includes network dynamics of one delay before and after the df; oracle and zero delays before

and after df;. The transfer matrix of the corresponding network dynamics P is

0 0iz7' 0
0 0 1

P: ”””””” - mm——m - ®I(/ 97
z71 00 0 &7
0 1 0 0

With f; € &1 5, we solve Problem 5 to create a Kronecker-structured optimization algorithm after four
Synthesis-Analysis iterations. Table 4 reports the rates p obtained by bisection, with the top row showing
the values after designing subcontrollers > ¢, while the bottom row depicting those after analysis by searching
filter parameters A. Along these alternating steps, we note that the rates are monotonically decreasing as

the interation number increases.

Iter. 1 TIter. 2 Iter. 3 Iter. 4
Synthesis  0.8428 0.8254 0.8147 0.8079
Analysis  0.8395 0.8228 0.8131 0.8065

Table 4: Certified bounds on p for vyax = 3 and during four Synthesis/Analysis iterations

The subcontroller ¥, has 10c states. Attaching the 2c-state full-order internal model leads to the con-
troller ' = Xgyp * ¢ with 12¢ states, and hence to an algorithm where G = P x K has 14c states.
Figure 20 plots an execution of the algorithm with p < 0.8065 if minimizing a strongly convex quadratic

function for ¢ = 7 with the unconstrained optimum fSg and an L; norm constraint as in

5 = axgmin (5~ o) QB ~ fl) + Xju<10(d) (98)
BERT

The matrix Q = Q" is positive definite with eigenvalues between 1 and 5. The nonzero initial state zq € R
is randomly drawn from a uniform distribution of integers between {—100,...,100}. The optimal solution
of this example is 3* = (—37.7643,0, —67.3062, 0,4.9294,0,0) T. The top plots of Figure 20 show 2, wy,, and
T, respectively, over the course of T' = 40 iterations starting from zy. In the top-left plot, each curve is
a trace of 2} for k € {1,...,40} in each coordinate ¢ € {1,...,7}. Similar traces are shown for the other
plots of wy and xj. The bottom-left plot shows the elementwise consensus error |z}c — Zaugk| for i € {1,2}
with respect to the average zqug,r := %(z,i + z,%), the bottom-center plot displays the elementwise optimality
condition |w' + w?|, while the bottom-right plot shows the gap between the function value and the optimal
value f* = 1.4523 x 10%.

6.1.2 Parameter Sweep

We now perform a parameter sweep over L, the delays in the networks, and the sparsity patterns of the

controllers. We increase L; from 1 to 500 with fixed m; = 1, and we introduce a delay of h, € N time steps
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Figure 20: Quadratic program (98) solved with designed algorithm for p < 0.8065 under 1-step delays

before and h,, € N time steps after the evaluation of df7, as modeled by a network with the transfer matrix

0 0jz " 0

0 0l 0 1
P i ® L. 99
z7" 0 0 0 (99)

0 1, 0 0

Synthesis is performed in each case with identity filters, and no subsequent Analysis/Synthesis iterations
are performed after the initial synthesis. Figure 21 plots the rate bounds p as a function of L;/m;. The
before-0f; delay h, increases from 0 to 3 vertically in the plot, and the after-0f; delay increases from 0 to
3 horizontally in the plot. The title of each subplot lists the tuple A = (h,, hy). The colors of the curves
match with the those of the employed sparsity patterns of ..o in the following list:

o () (Y (0 ()

The dotted black line displays the threshold p = 1, since algorithm convergence is only confirmed if the curve
stays below this line. The dotted green curves in Figure 21 are the rates computed by searching over static
subcontrollers (Theorem 4.3). If compared to the full dynamic algorithms, the static ones tend to have worse
LMI-certified convergence rates for Li/m, < 10, whereas the oppositie is true for Ly /m; > 100.
Algorithms which allow for proximal evaluation of both df; and 0fs have the smallest worst-case con-
vergence rate among all algorithms generated by convex synthesis, because they offer the least restrictive

sparsity patterns among block-lower-triangular-constrained D, matrices.
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Figure 21: Sweeps over Li/mq, delays, and sparsity patterns with identity filters

6.1.3 Unstable Dynamics

We finish the two-operator example by considering the same operator class O,, i for the following network

with an unstable pole z = —1.1 and sparsity pattern imposed on D..:
P
0 0 Pz 11 0
0 0 -1 2 e 0
P 1 i Z720'3 1 ® IC’ Einfo . . (101)
1 z i z2 z—0.9 L 4
11-2%1 0 1

The plant regulator equation in (47) have the unique solution

0 -1y
-1 0
no| 20| F_<—2.1 0)7 q)_<5.8 0>. (102
42 0 1 0 01
42 0
10 0

The unstable channel dynamics are stabilized by the synthesized controller. Figure 22 displays a trajec-

tory solving the optimization problem in (98), in the same manner as Figure 20.
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Figure 22: Problem (98) solved with designed algorithm for p < 0.9476 and the unstable network in (101)

6.2 Case Study: Image Denoising with Transmission Delay

We provide an example of image denoising using total variation regularization. The spatial dimensions of
the image are n, and n,, and the image has n. color channels (three for RGB). The values of each pixel
are normalized to lie within [0,1]. The goal is to recover a clean image X* € [0, 1]"=*"v*"e from a noisy
observation Y = X* + w corrupted by additive noise w. We formulate the recovery of the original image X*

as an optimization problem in the variable 8 := vec(X):

. Ari 1
P L %IIBII% + glvee(Y) - Bl13 + ArvTV(B) + x[0,11(8) - (103)
£108) £208) Fa(B)

Here, TV(8) denotes the total variation of the image defined as

Ne Ng Ny

TV(E) =33 S V(Au X0 + (A, Xis0)° (104)

e=1i=1 j=1
and with the difference operators
Xitije—Xiic, 1<ng, X; —Xiie, J<ny,
(DX )= TP e T (AyX)j =4 WIHbe e J ! (105)
0, 1= Ny, 0, J = ny.

We demonstrate this approach on the denoising of a pepper-garlic test image, as shown in Figure 23. The
original image X* is in Figure 23a. The noise-corrupted image ¥ = X* 4+ w is in Figure 23b, in which each

w; jc is ii.d. randomly sampled from an normal distribution with mean 0.01 and standard deviation 0.2.
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The denoised image $* found by solving (103) with Total Variation regularization parameter ary = 0.15 is
in Figure 23c.

(a) Original Image X* (b) Noisy Image Y (c¢) Denoised Image 8*

Figure 23: Sample pepper-garlic images used for problem (103).

We solve the total-variation denoising problem in (103) using a two-operator splitting algorithm with
f1 € 81,1, and fo € Sp,oo. The function f3 admits the proximal operator

proxﬁz(z) = Projjo ] [provav(z)] ,

which follows from adjusting the first-order optimality condition of prox, vy as given in [95]. The proximal
operator of TV itself is computed with an inner iteration given in [95].

We consider the case where the noisy image Y is only available remotely, involving a delay of h € N
steps before and after the evaluation of Vf;. The network is an instance of (99) with a symmetric delay
h = h, = hy. Perfect transmission means to choose h = 0, and delayed transmission involves h > 0. Our
reference algorithm is the Douglas-Rachford [33] with parameters (v, A) = (1,2) with a description of

Kpr= (106)

We solve (103) by applying the Douglas-Rachford algorithms for different values of delays h € {0,...,5}.
We compare these results to an algorithm that is specifically synthesized for the given delay-h transmission

network model using minimal and full-order internal models. The results are summarized in Table 5.

Table 5: Convergence rates p for the denoising problem (103) with different transmission delays h using the

Davis-Yin splitting method and our synthesized algorithms (structured and full-order).

Convergence rate p

Delay h
' Douglas-Rachford  Syn. (structured synthesis) Syn. (full-order synthesis)
0 0.0134 .01 0.064
1 2.4149 0.5932 0.2092
2 1.4159 0.7223 0.3483
3 1.6184 0.7915 0.4497
4 1.3481 0.8365 0.5249
) 1.4199 0.8568 0.5827

While all methods perform comparably well in the absence of delays, convergence of the Douglas-Rachford
splitting scheme cannot be certified once delays are introduced. In contrast, our synthesized algorithms (both
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of full and reduced order) retain convergence rates well below one across all tested delay values. We observe
an advantage of using full over reduced order algorithms in terms of smaller convergence rates.

Figure 24 plots the image iterates z7 (input to df2) generated by the Douglas-Rachford scheme as k
increases (vertical) and as h increases (horizontal). The denoised image is recovered only at h = 0 (first
column), while at all other delays h the Douglas-Rachford algorithm is nonconvergent. Figure 25 plots the

same iterates z7 generated by the synthesized algorithms with full-order internal models. The denoised image

is found in the presence of delays.

Figure 25: Full-order synthesized algorithm vs. delay h and iteration k. Convergent when h > 0.

Figure 26 plots another example of image denoising. The original image X* of an Uluguru forest tree
frog is on the top-left, and the additively-noise-corrupted image Y is shown on the the top-right. A delay
of h = 4 is imposed in the network (99). The Douglas-Rachford algorithm (bottom-left image) and our
synthesized algorithm (bottom-right image) are run for 15 iterations. The Douglas-Rachford algorithm over
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this time-delayed network is unstable, and generates a severely corrupted image after 50 iterations. Our
synthesized algorithm is convergent, and the beginnings of a denoising process is visible in the bottom-right
image around the green background, the green skin, the purple leaf, and the black eye.

Original Noisy

Douglas-Rachford Synthesized (h = 4)

Figure 26: Denoising of an Uluguru forest tree frog image after 50 iterations with kA = 4.

In particular, representations of the full-order and reduced-order algorithms for a delay of h = 1 are

0.716 1.387 —0.352 —9.192 | 0.965 1.249
0.487 —0.255 0.601 57.624 | —0.231 —0.718
0.117 —0.238 0.065 1.811 |—0.167 —0.0503 10196 —0.196
Fh=1. - R ) ’ e o I, KM=t 1| 0.131 I.
full —0.003 —0.005 0002 0.048 |—-0.004 —0.001 |2 red 0-13 0 ©le
1]-0.483 —0.352
—1.304 —0.798 —0.572 —75.342] —0.478 0
—0.795 —1.401 0.269 1.496 |—0.969 —1.000
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6.3 Composite Optimization Algorithms for Six Operators

We demonstrate composite optimization for s = 6 functions and a network of order 9c¢ described by

00 0 0 0 0;%2- 0 0 000
00 0 0 00 0 1 0 000
00 0 0 00, 0 0 ;5000
00 0 0 00 0 0O 0 100
00 0 0 00 0 z! 0 010
Plz) 095 0 0 0 00 0 0 0 00L]) (107)
50 0 0 00 0 O 0 000
01 0 0 =z'0,0 0 0 000
0 0,572z 00 0 0 0 000
0 0 0 z2 00 0 0 0 000
00 0 0 1 0,0 0 0 000
00 0 0 01, 0 0 0 000

The parameters are m = (0,1,—1,1,1,0) and L = (5,2,1,6,1,00). Since Z?:l m; = 1, the overall optimiza-
tion problem is 1-strongly convex.

Both for the network P in (107) and the direct interconnection P° in (32), Table 6 reports the guaranteed
rates p computed by synthesis with identity filters and a full-order internal model (91), together with the

respective sparsity patterns Ling, of D..

Table 6: Sparsity restrictions Liyfo on D, and rates obtained by synthesis

e )e e (00 e 000O00O0 e 000O00O0 000000

e e 0000 e e 0000 0e000O0 000000

e e 00 00 e e 0000 00000 000000

Pattern Linto

oo 00 (00 e e 00 (00 00000 0000O0O0

o 00 090 ( o 00 090 ( 0000 e0 0000O0O

o000 0 o0 e o 00 0 0 00000 e 00000 e
p with P in (107) 0.9334 0.9355 0.9394 0.9559
p with P% in (32) 0.7432 0.7681 0.7681 0.8821

All the listed sparsity patterns ensure that D is block-lower-triangular when the controller is intercon-
nected with P in (107), while this is not true for the first sparsity pattern and P°.

7 Conclusion

A first-order networked composite optimization algorithms can be interpreted as an interconnection of a
static map I € Oy, 1, a given network P, and a to-be-designed controller /. In this paper, we unveil
the modeling power of this interconnection-based paradigm. We first show that the convergence of the the
corresponding well-posed algorithmic interconnection F x (P K) for all F' € O,, 1, requires satisfaction of
Robust Stability and Regulator Equation conditions. These necessary conditions for algorithmic convergence

induce structural constraints on any controller /', in that it must satisfy a minimal order bound based on
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information constraints Linto, and that it must factorize into the cascade of a core subcontroller > .. and
an internal model ¥,,;,. Moreover, we address how these structural properties permit the design of novel
composite optimization algorithms with certified exponential convergence rates, even under the presence of
network dynamics. The results are illustrated with several examples, include the tailored design of algorithms
for image denoising under delayed gradient information transmission.

Possible extensions include generalizations of algorithm synthesis from strongly convex to merely convex
problems with guarantees of sublinear convergence, the use of integral quadratic constraint synthesis to
generate algorithms that can solve solve variational inclusion problems, and the reduction of the conservatism
of the employed uncertainty characterizations for the class O,, . Finally, we aim at developing convex

methods for the joint search of stability filter coefficients and subcontrollers.
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A Background on Linear Systems

Given a linear system G : (2°,u) — y with internal state z and matrix representation (A, B, C, D), performing
a coordinate change on the state z + T~ 'z of a linear system G yields a system G(T’lxo,u) — y. The

expression of this coordinate change induces a transformation of the representing matrices as in

AlB T'AT|T7'B
— (108)
c|p cr | D
The cascade (series) interconnection between two systems G; and G has the representations
Ay B1Cy|B1D A 0| B
AlB | 4By || ;12 1132 = Bé A 312) 10
C"D CQ‘DQ_O 2 2 | = 102 Ay | B1D; | . (109)
I Cy D1Cs| D1 Dy DyCy Cy|D1Ds
The block-diagonal concatenation of systems G; and G» has a representation
A 0By O
A | B A | B 0 A2| 0 B
blkdiag 1| By , 2| Bz | _ 2 2 (110)
Ci|Dy || Ca| Do Ci 0[Dy 0
0 Ca| 0 Dy
Given two linear systems G : (2%, (w,u)) — (2,y) and G¢ : (£°, (y,d)) — (u,e) with
Tht1 A| B B Tk k1 A|B, B Sk
ze [ = Ci| D1 D2 wg | u, [ =| Ci1| D1 D12 uk | (111)
Yk C2| D21 Do U, by Cy| D21 Do ar
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the signals (z,w, z,y,&, u,b,a) are related by a under a linear constraint formed by assignment of their

common (u,y) channels,

Th+1 A 0B 0 0 B Tk

ﬂ 0 A0 BBy 0 &
2k _ Ci 0Dy O 0 Djo Wi . (112)
bi 0 Ci| 0 DyiDy; 0 ak

0 Co 0 |Dsy 0 1 —1 Dy Yk
0 0 C| 0 Dy3iDy -1 Uk

If the matrix £ = I — DsD1 is invertible, then the star product G = G¢ is the well-posed interconnection of

G and G° along their common u and y channels. The star product admits the unique description

Tht1 A 0|B; 0 0 By . T

G | _[[ 0 Ao By | [ B 0 < I —D2> <c2 0Dy 0 > & |

2K Ci 0Dy 0 0 Dy |\ -Di I 0 Ci| 0 Dy wi

b 0 Ci| 0 Dy Dy 0 a
(113)

which may be acquired by eliminating (ug, yx) from (111) using a Schur complement. The common signals

(u,y) can then be uniquely recovered from ((z,§), (w,a)) as

-1
I -D C D
Yk | _ 2 2% + D21 wg ' (114)
Uk -D; I Ci&; + Digay
The star product G1 x G is a property of the given representations in (111) for systems G1, Ga. We only

define the star product Gy x Gy if E is invertible (the interconnection is well-posed). An alternative formula

for computing the unique star product Gy * G5 is

A 0B 0 0{ By 0
xzﬂ 0 0 O1 0 Ii O2 0 0 1] 0. 0 zk
k U U Y Eivhisioh il k
= + ! M Cy 0Dy O — 115
Zk Cl 0 D1 0 03D12 0 B 2 . W ( )
! 0 00 I
br 0 0[0 0 0{ 0 ax

with

A+B1E_1D201 BlE‘_1 B +B1E_1D2D12
ME = (I+D1E_1D2)C1 DlE_l (I+D1E_1D2)D12 . (116)
Cy;+ Dy E7'DyCy Dy E~' Dy + Do E' DDy

If E is invertible, then the bracketed matrices in (113) and (115) are identical. The matrix Mg may also
be expressed by using the identity (I — DyDqq1) 1Dy = Do(I — Dy1D2)~ 1.

For completeness, we provide a proof of a folklore result in control theory involving associativity of star
products. This associativity will be used to justify Assumption 2 for convergence of optimization algorithms.

Proposition A.1. If the star products (Py x Py) * P3 and Py x Ps exist (form well-posed interconnections),
then Pl * (PQ *Pg) exists and P1 * (PQ * Pg) = (P1 *PQ) * P3.
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Proof. Let the systems {P;}3_,, Py x P2, and (PxP2) = P3 have the descriptions,

j=1
xi+1 Al B{ Bg x?c
P;: zi = C’{ D{ D{Z wi , for all j €{1,2,3}, (117a)
Y C3| D3y Dy uy,
Tra1 A| By B, Tk
ISR PER zZ =| Ci| D1 Di Wy | (117b)
7, Ca| D21 Do U
5319+_1 Al B B Tg
(Pl * P2) * P3: é’i = él Dl blg Wy, . (117C)
U Cy| Dy Dy T

w? =y, w® =2, ul =22, u? =23, (118)

The signals (27, w?,u?, 27, yj)?:1 obey the linear relation

ol At 0 o|B olo BYio o xl
22, 0 A2 0[0 0!B 0!o0 B2 2?2
T 0 0 A% 0 B3i 0 0 !B 0 x}
2l ct o oD 0{0 DL O O w!
Y | =0 0 Cil 0 D3O 0D} 0 ui |- (119)
0 cl o o|pl, ol-1 DIl o o0 w?
0 0 C2 0|0 0:iD* —Ti0 D2 ul
0 0 C2 0|0 0iD%4 0 i-I D2 w?
0 0 0 C} 0 D} O 0D} —I u?

We focus on proving invertibility properties of the lower-right D-block of (119) based on the existence of
the star products (P; x P») x P3 and P> x P3 from the proposition statement. Because Py x P, and Ps x Ps

—I1 D} —1 D3
exist, the submatrices ( 2 ) and ( D3 ; ) of the bottom-right corner of (119) are both invertible.
3

D? —I
Decoupling (w?,u!) in (119) using a Schur complement yields
-1 Di D} D D
0 Di, —1 D} ! 03 0 Dy 03 0 1 03 0 0 % 12
1—00 D2 _1 0 0 Dsi 0 0 iDs; 0 0 Dsi0 0iD3y; O
: DY 0i{—-I DYiO O DY 0i—I Dy 0O O
0 1 0 =
= 0 0:iD} —-I1:0 D3 0 0:iD} -1\ 0 D3
D%l 0 -1 D% 5 - ) = T =
0 — 9 I 0 0 D21 0 I D2 D21 0 0 0 I D2
0 0/\ Dy I 0 Do o0 {D —I 0 D30 0D} I
(120)
Because invertible matrices form a group under matrix multiplication, we have that
~I Dj! 0
> D} -1 0 D?
L 2| is invertible iff 1 | 2 [ 'is invertible, (121)
Dy —TI D%, 0 —I D?
0 0D} —I
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and invertibility in (121) is met because (P, x P2) * P exists in the proposition statement. We apply another

Schur complement to decouple (w3, u?) as

. Di 0{0 0} 0 D Dy Dii0 0.0 0
o ( 0 D12>(—1 D2>_1 0 D30 0D} O Doy Dyl 0 010 0
D3, 0 D} —I Dy 0i{-I Dy o o | [Di O i-IDio0O 0

01 0 0 0{D? -11 0 D% | | 0 0 i{D? —1i0 0
010 I Dyy 00 0i{—-I Dy Dy; 010 0:i—1 Dy
' 0 D3:0 0D} —I 0 D3i0 0D} —I
(122)

The D terms of the star product (P; Py) Ps from (117¢) are visible in the top-right corner of (122). We

can use the invertibility relation in (121) to generate the star product P; x (P, x P3) by eliminating the upper
1

0 0 D3 0
sub-block 0 D2 >, instead of eliminating the lower sub-block 021 0 to obtain (P x Py) x P3. Due

12
to invertibility of all matrices involved in the well-posedness conditions, we therefore have (P; x Py) x P3 =

Pl * (PQ * Pg) O
B Properties of Functions in §,, 1,
This appendix collects several results of the class Sy, 1 as defined in Section 2.3.

B.1 Frechét Subdifferentials

The Frechét subdifferential of a function f : R — R at a point x is [7%, Eq. (16.2)]

of(x) = {g € R® | liminf L&) = /(@) —9 =) 0}. (123)

e ly — |

If a function f is p.c.c., then its Frechét subdifferential and its standard convex subdifferential are equal.
Proposition B.1. The Frechét subdifferential of f € Sy, is Of = O(f —mq) + ml.

Proof. By [78, Proposition 1.107], the Frechét subdifferential of f = (f —mq)+mqis df = O(f —mI)+mlI,
given that q is strictly differentiable [72, Definition 9.17] everywhere in R€. O

Proposition B.2. Let f € S,,00- If x € dom(f) is a local minimum of f, then 0 € 9f(x). If m > 0 and
x € R satisfies 0 € Of (x) then  is a global minimum of f.

Proof. The local optimality property follows from [78, Theorem 16.2] for optima of Frechét-differentiable
functions. Because f is convex if m > 0, global optimality follows. O

B.2 The Sum-Rule and Consequences
Proposition B.3. If fi € Sy, .00 and fa2 € Smy.co then f1+ fo € Spysmy.co and

df1(z) + 0f2(x) C O(f1 + f2)(z) for all z € R (124)
If relint(dom( f1)) Nrelint(dom(f2)) # @, then equality holds:

Of1(z) + dfa(x) = 0(f1 + f2)(x) for all z € R°. (125)
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Proof. This follows from the trivial identity

(fi —mia) + (fa —maq) = (f1 + f2) — (m1 + m2)aq.

Since df1 = 0(f1 —miq) + mal, Ofa = 9(f2 — maq) + mal and O(f1 + f2) = O((f1 + f2) — (m1 + m2)q) +
(m1 + ma)I (by definition), it suffices to apply the standard rules to the sum (f; — mi1q) + (f2 — maq) of

two p.c.c. functions. O
A combination with Proposition B.2 leads to the following result.

Corollary B.1. For fi € Si, 00 and fo € Spy,.00 consider the optimization problem

inf [(x) + fola)] (126)
If relint(dom( f1)) Nrelint(dom(f2)) # & and z* € dom(f) is a local minimum of (126), then
0€dfi(x*)+ dfa(x™). (127)

If my +mo >0 and x* € R satisfies (127), then x* is a global minimum for (126).

B.3 Generalized Subgradient Inequalities

We slightly extend [73, Theorem 5] as in [92, Lemma 12] to the case of L = co where f € S, o are not

necessarily differentiable everywhere.

Lemma B.1. Given f € S, 1., define o := (L —m)~! >0 (satisfying o0 =0 and oL =1 for L = ) and

V(z,g) := f(z) — mq(x) — oq(g — mz) for x,g € R (128)

Then for all x1,xz2 € R and g1 € 0f(x1), g2 € Of(x2), the following inequalities hold:

Vi(z1,91) = V(x2,92) < (1 — mxl)T[(JLxl —og1) — (0Laz — oga)], (129a)
0 < [(g1 — mz1) — (g2 — mx2)] " [(0 Lz — 0g1) — (0 Ly — 0gs)]. (129b)
Proof. When L < oo, (129a) results from multiplying equations (15)-(17) in [73, Theorem 5] by o (as

performed in [92, Lemma 12]). When L = oo, (129a) reduces to

[f(21) — ma(e1)] = [f(22) — ma(z2)] < (g1 — ma1) " (21 — 22) (130)

for all 1,29 € R¢ and ¢1 € Of(x1). Since g1 — mx1 € I(f — mq)(z1) (by the definition of the generalized
subgradient), (130) just is the standard subgradient inequality for the p.c.c. function f —mgq. Finally, note
that (129b) follows by swapping (z1,g1) and (z2,g2) in (129a) and subtracting the respective right-hand-
sides. 0

The terms in (129) can be weighted by scalars as follows.

Corollary B.2. Given constants a; > 0, points T; € R®, and vectors g; € a;laf(aifi) for j € {1,2}, the

following inequalities hold:

V(alfl, algl) - V(OCQEQ, Ck2§2) S al(gl - mfl)T[al(aLi‘l — U’gl) - QQ(O—LEQ - Jgg)], (131&)
0 S [al(gl - mil) - 042(92 - mi’g)]T[Oél(ULfl - O'gl) - OtQ(O'Lf’Q - Jgg)]. (131b)
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Proof. This holds by Lemma B.1 under the association z; = a;z; and g; = a;g; for j € {1,2}. O

Proposition B.4. Given functions f; € Sy,.1, with o; = 1/(L; —my;), constants A\;,a;; > 0, and points
(x;,g;) with g;- € ai_.l(?fi(aijx;-) for each i€ {1,...,s} and j € {1,2}, the following inequality is satisfied:
0 <300 Xi ([aingh — mazl) — aun(gh — mixy)] T e (0sLiah — 0igl) — cin(oiLizh — 0ig3)]) . (132)

Proof. The inequality in (132) holds by taking conic combinations of terms in (131b) as weighted by {\;}i_;.
0

B.4 Dissipation Relations

The following consequence is an extension of [02, Lemma 14] to the case where f € SY __ is not globally

Ne o)

defined. It uses Corollary B.2 with the choices a1 = 1, as = p* to generate a dissipation relation.

Lemma B.2. Let f € S%’L, and suppose that wy, € Of(zx) holds for all k € N. Given a rate p > 0 and
defining the terms py, := p~*(0c Lz — wy,), G 1= p~*(wy — mzy), the following dissipation relations hold for
all T, ¢ € N, subject toT — € > 0:
S hco dn Bk > 0, koo @ (e — p'Br—e) > 0. (133)
Lemma B.2 can be used to define valid Zames-Falb filters.

Lemma B.3. Let F € OS%L and let p > 0 be an exponential convergence rate. Let vymax € N be a finite filter
length, and let (\.)Vm% denote a set of real-valued filter coefficients fori € {1,..., s} satisfying the following

constraints:
sz%)( pil/)\;i/ > Oa A’Ly S 07 Vv Z 1’ Vi e {1 o '75}' (134)

Given any sequence (z,w) satisfying wy € F(z) for all k € N, we define the sequences (Z,@) as Zj =

p Fzp, Wy = p~Fwy. These sequences satisfy wy, € pfkl*:’(pkék) for all k € N. After defining the p-weighted
sequences q,p,T indexed by i € {1,...,s} as

qj := Wy, — m;Z, Py i= 0;LiZy — o0 = Z — 04}, T, = Zi:o Ao P—vs (135)

the sequences q,T satisfy the dissipation relation

VI'eN, T>0: S o dn e > 0. (136)
Proof. This follows as an extension of [(3, Lemma 5] to the case where the operator F € O?n! 1, is not globally
defined. The arguments used here are identical to those employed by [63, Lemma 5] and [92, Section 3.2],

and are provided for completeness.
Lemma B.2 shows that for all v € R,T € N,T > 0,i € {1,..., s}, the following inequalities hold:

T—1/2i\T =i T—1/=; =i Vi

k=0 (@) 'pi. > 0, > k=0 (@) " (P, — p"Dj_,) = 0. (137)
These relations may be convexly combined with p§ > 0 and {u¢}/ma < 0 for each i € {1,..., s}, to obtain
for every i € {1,...s}:

T-1 Vmax T-1 Vmax Vmax
> (ué(q}c)% + > (@) T (B~ p”p?”)> => (@ l Z )P ] Z pop”( , > 0. (138)
k=0 v=1 k=0

The parameters A defining the filtering in 7 are chosen as

Ny = Soma it o= —p’ul,  Wve{l,...r}ie{l,...,s} (139)

to ensure that (136) holds. Moreover, they are easily seen to satisfy (134). O
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B.5 Generalized Resolvents and Yosida Operators

We first review properties of operators H : R® = R¢ [72, 76]. The graph of the operator H is gra(H) =
{(z,y) e R* xR |y € H(x)}. H is strongly monotone with constant m > 0 (or just monotone for m = 0)
if (y1 —y2) " (¥1 — x2) > ml|lz1 — 22||? holds for all (x1,y1), (v2,y2) € gra(H). An operator H is maximal
(strongly) monotone if it is (strongly) monotone and there does not exist a (strongly) monotone H’ such that
gra(H) C gra(H’). If H is maximal strongly monotone, then H~! is globally continuous [72, Proposition

12.54]. We need the following auxiliary results to provide sufficient well-posedness conditions.
Lemma B.4. Let E, F,G : R® = R€ be operators, and suppose that F is at-most single-valued. Then
(EF'-G)'=FE-GF)™.

Proof. For any x € R¢, y € (EF~! — G)~1(x) implies z € (EF~! — G)(y), and hence z € E(z) — G(y) for
some z € F~!(y). Because y € F(z), we have z € E(z) — GF(z) = (E — GF)(z) with z € (E — GF)™(x).
This finally shows y € F(E — GF) ().
Now let y € F(E — GF)™(z) for any 2 € R°. Then y € F(z) for some z € (E — GF)™!(z), and thus
x € (E — GF)(z). Tt therefore holds that © € E(z) — G(g) for some § € F(z). Since F is at most single-
valued, we have § = y. Using the relations z € F(z) —G(y) and z € F~1(y), we infer z € EF~(y) — G(y) =
(2.

(EF~' — G)(y), which finally shows y € (EF~! — G)"!(x N

Corollary B.3. For an operator F' : R =2 R¢ and a matriz D € R*¢, the following holds:

1. If F is at most single-valued, then (F~! — D)~™' = F(I — DF)~'.

2. If F~1 is at most single-valued, then (DF —I)~! = F~1(D — F~1)~L

3. If D is invertible, then (F~* — D)~™' = D7YI — (I — DF)™1].
Proof. To prove 1., apply Lemma B.4 with £ = I and G = D. For 2. use Lemma B.4 for £ = D,
F replaced by F~! and G = I. To show 3., choose E = F7!, F = D and G = I in Lemma B.4 to

get (F~!D~t — I)~! = D(F~! — D). By the inverse-resolvent identity, the left-hand side indeed equals
I—(I-DF). O

Let us finally collect a few extra facts concerning the notion of well-posedness in this paper.
Proposition B.5. Given F : R® = R¢ and D € R*¢, let (F~* — D)~! be globally continuous. Then:

1. Ifa >0 and F(z) :== a 1 F(az) for x € R® then (F~' — D)7 1(2) = a Y (F~! —= D)"!(ax) for z € RC.
Hence (F~' — D)~ is globally continuous.

2. Ifa,b € R® and F(x) := F(z+a)—b forz € R®, then (F~' —D)~Y(z) = (F~'-=D) Y(x+a—Db)—b
for x € R¢. Hence (F~' — D)™ is globally continuous.

Proof. To show 1., take any # € R® and let y = o '(F~! — D)"!(az). This is equivalent to ay =
(F~' — D)~ !(az) and hence to ax € F~!(ay) — D(ay), which is nothing but z € a 'F~!(ay) — Dy;
since a1 F~1(a.) = F~1, this holds iff # € F~1(y) — Dy, which is finally equivalent to y € (F~! — D)~!(x).

To show 2., pick any x € R¢ and let y € (F~!—D)~Y(z+a— Db)—b; then y+b € (F~'— D)~} (x+a— Db)
and hence z+a—Db € F~1(y+b)—D(y+b); we infer that there exists some z € F~!(y+b) with z = z—a— Dy;
hence y + b € F(z) and 2 = 2 — a — Dy; then % := z — a satisfies y € F(2 +a) —b= F(2) and z = zZ — Dy,
implying z € F~!(y) and x = Z — Dy, which finally gives z € (F~! — D)(y) and thus y € (F~! — D)™ (x).
Reversing the arguments proves that (F~! — D)~!(z + a — Db) is not only contained in, but actually equal
to (F~1 — D)~ (x). O
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Proposition B.6. If a matriz D € R°*¢ ensures that H = (0f ! — D)~ is globally continuous for all
f € Sm o0, then D is invertible.

Proof. We prove this proposition by contradiction. For any m € R, consider the function f(8) = ||8]1 +
2| 8]|3 with f € Sm,oc- The subdifferential of f at 0is 8f(0) = 9[|0]|; +m0 = 8|0, = [-1,1]°. If D is rank-
deficient, there exists a vector w € R¢ with ||w||; = 1 such that Dw = 0. We have 0, w € 9f(0), which implies
0€df1(0) and 0 € 9f ' (w) and hence 0 € f~1(0) — DO = 9f~1(0) and 0 € Of "L (w) — Dw = df 1 (w).
This shows 0 € (0f~! — D)7(0) and w € (0f~! — D)~1(0), which contradicts global single-valuedness of
H. Hence H is not globally continuous. O

B.6 Guaranteeing Well-Posedness

The goal is to characterize those matrices D € R%¢*5¢ for which (F~! — D)~! is globally continuous for all
F € O, . Preliminary results about invertibility and monotonicity are required before providing such a

well-posedness condition.

Lemma B.5. For any F' € Oy, 1, and vector mY such that m—mP € RS, the map Fy := F — (diag(mo) ® 1)

has a globally continuous inverse F(;l,

Proof. Since f; —m?%q = f; —m;q+ (m; —m{)q is p.c.c., we have f; € Spo.r, and fi; — miq € Sy —m0 00 fOr
each i € {1,...s}. Since m; — m? > 0, we infer that (Fy); = 9(f; — miq) has a globally continuous inverse

for each i € {1,..., s}, which implies that F071 is globally continuous. O
Let us now associate with A € R, m € R® and L € R® with L —m € R the diagonal sc x sc-matrices
A :=diag(A) ® I, = 0, m :=diag(m)®I., L:=diag(L)®I. and o :=(L—m)"!

as well as the 2sc x 2sc matrices

v,,= (177 POy fob o) A (20 aas= (") (140)
’ 0 I —m I “m I 0 I, 10

Lemma B.6. For any F € Oy, , and A € RS, the map A((F —m)~! — &) is monotone.

Proof. If y; € A((F —m)~! — o)(z;) for j € {1,2}, there exists some z; such that z; € (F —m)~!(z;) and

y; = A(zj — ox;). Therefore z; € F(z;) — 0z;, and thus x; = g; — oz; for some g; € F(z;). This shows

Zj g; —1mzj

Noting that oLz; — og; = (L —m) 'Lz, — 0g; = z; + omz; — 0g; = z; — 0(g; — mz;), we infer
[y —yo] o1 — 22] = [A(21 — o (g1 —mz1)) — A(z2 — 0(g2 — m22))] " [(91 — m21) — (92 — m2s)] =
=220 A ([(21 = oi(g —maz) — (21 — 0i(gh —mazs)] T [(gf — mazi) — (g5 — maah)])
= >im1 A ([(0iLizi — 0igi) — (03Lizi — 0ug] T [(g7 — muz)) — (g5 — mazd)]) . (142)

In view of (132), we conclude [y; — yo] " [#1 — 23] > 0 for all y; € A((F —m)~! — o)(z;) and j € {1,2},

thus proving monotonicity of A((F — m)~! — o). O

To formulate our well posedness condition, we note that (132) for a;; = 1 can be expressed as

.
T T AT JAG,, [ T ) 20 forall z; € R g€ F(ay), je{1,2).  (143)
g1 — g2 ' g1 — g2
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Theorem B.1. Suppose that there exists a vector A € RS such that D € R***°¢ satisfies
T
- D T AT s D
2Sym([A(eLD —o0)]' [ —mD]) = U, A JAY, , =< 0. (144)

Then (I — DF)™! is globally continuous for all F € O, 1.

Proof. Choose mg < m elementwise such that (144) still holds when (mg, o) replaces (m, o) with mg =
diag(mo) ® I. and ¢ := (L —mg)~*. Since both ¥q := ¥, ,, and A are invertible and J=! = J has
exactly sc positive and sc negative eigenvalues, we can invoke the Dualization Lemma [96, Lemma 4.9] to

infer that the following two conditions are equivalent:

.
D TaT 24 D a1 oA =T I
<I> Ul A JA\I/0<I><0 and (I fD)\IIO AT JA (_DT>>0. (145)

If we introduce Gy, Go, Hi, Hy € R%¢%5¢ by

(g;) ;:A%(?) and (H1 H2>::(I —D)\Ifglffl,

we observe that H;Gy + HoGy = 0. Moreover, (145) reads as G| G2 + G4 Gy < 0 and H, Hy + Hy H; = 0.
In turn, Gy, Go and Hy, Hy are invertible. We conclude G1G5* + H; "Hy = 0 and G1G5 ' + [G1G5 1] T <0,
which shows that
E:= H;'H, satisfies E' + E >~ 0. (146)
For the map Fy = F — mg, we now prove that I — DF = Hi[(E — Aoo)Fo + A]. If 2,y € R*¢ satisfy
y € (I — DF)(x), then there exists some g € F(z) with y = 2 — Dg and we indeed conclude

y=<I —D)<z>=(1 —D)\IfglAlAqf()(z):(Hl H2>A\IJO<Z>:

~m (1 E)<13 ?) (é }’0) (_fno ?) <z>=H1(A EA0'0><g—fnog;>:

Hi[(E — Aoo)(g — mox) + Az] € Hi[(E — Aog)Fo + A](z).

We infer (I — DF)~! = [(E — Aool)Fy + A] ' H;'. Because F; ! is globally continuous by Lemma B.5, we
invoke Property 2. in Corollary B.3 to get

(I —=DF)' = F; Y [A(Fy ' —ool) + E)'H (147)

Moreover, A(FO*1 — ol) is globally continuous and also monotone by Lemma B.6, given that Fy € Oy L.
Therefore A(F; ' — aoI) is maximal monotone. By (146), the map A(F, ' — o¢l) + F is maximal strongly
monotone, and hence admits a globally continuous inverse. Therefore, the inverses Fo_l7 [A(FO_1 —ool) +

E]~', and H; ' are all globally continuous, proving that (I — DF)~! is globally continuous via (147). O

Corollary B.4. The operator ((0f)~* — D)~ is globally continuous for all f € Sy,.1, if D € R°*¢ satisfies
Sym([cLD — o)]"[I —mD]) < 0.

Proof. By Theorem B.1 for s = 1 and A = 1, we infer that (I — DAf)~? is globally continuous. If ¢ > 0, we
have L < oo and, therefore, f is globally continuous. Due to 1. in Corollary B.3, we conclude that ((9f)~!—
D)~' = 9f(I — DOf)~! is also globally continuous. If & = 0, the D satisfies Sym[D T (I — mD)] < 0 and is,
hence, invertible. Then Property 3. in Corollary B.3 implies that ((8f)~! — D)~' = D=1 — (I — DAf)~}]

is globally continuous. O
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Lemma B.7. If I — Dm is invertible, (144) is equivalent to Sym[A(—o + D(I — mD)~1)] < 0.

Proof. This follows from manipulating the symmetrized matrix in (144) as

(AdLD — Ao)" (I —mD) = (AD — Ao (I — mD))" (I — mD) (148a)
= (I —mD) (AD(I - mD)~! — Ae) " (I — mD). (148b)
O

C Controlled Regulation Theory

Based on [15, 16, 80], let us review nominal regulation theory for the interconnection of a plant P and a
controller /' described as

Th+1 A ‘ 31 Bz Lk /
=T = = — Er1 A

ek =| Ci| D1 D12 d |, — | == (149)
~ ~ ~ U Ve

Yk Cy|Da1 Do Ug

and affected by the constant disturbance d. It is assumed that /K internally stabilizes P and that P+ K is
represented by (A, B,C, D) (Section 2.2).

Now suppose that &~ achieves output regulation for Px K as discussed in Section 2.11. Then (35) admits
a unique solution Y and we can partition T = (II", ©7)T according to the partition of A (see (7)). A
simple calculation shows that the matrices

I':= (I - D(‘,DQ)_l(CY(:@ + D(':(C2H + D21)) and ¢ := CQH + D21 + DQP

generate a solution (I, T, @, ©) of the open-loop regulator equations

A. B C] (C]
— +lc c —_ . 1
I 1=101, (0(: (:>< >_<F> (150)
r ®

Conversely, for any quadruple (II, T, ®, ©), the signal transformations

iy = xp, — 11d, & =& — Od, ik = yp — ¥d, e = up, — I'd (151)

in the interconnection (149) lead to

T A|AlI-T+ BI'+ B, | B Tk . ; .
bt = = =~ 2 =~ ! 3 =~ 2 7k fk+1 A(t 44(:@ - @ + B(‘,élB(t fik
ek = | Ci| Cill + D12’ + Dy Do d |, |—)=|=1~ ! d
° = i it i clcerno—1in. )|
Yk C2|Coll+ Dy — @ + Doy Dy (0 ' (7

If (II,T", @, ©) is taken to satisfy the regulator equations (150), we clearly obtain

7 Aloi B . ; 3
Tkl ~ 3 ~ 2 & €k+1 A(: 0 | B(‘, gfk

ex. | = | C1]|0{Dr2 d |, . =\ T d |- (152)
N ~ b U ‘e |V He N

Yk C2 |0} D, up ' Uk

As a consequence of the regulator equations, the signals (i‘,é ,§,4,e) in (152) are decoupled from the ex-

ogenous input d, which implies that /' achieves output regulation for P x K. Indeed, since A is Schur, all
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trajectories of (152) satisfy limg_, 0 (ka,ék) = 0. Invertibility of I — D5 D,. ensures that the internal signal
(@, §) also satisfies limy_, o0 (i, §%) = 0. This implies limy_, o, € = 0 for any constant disturbance d. In view
of (151), we can conclude for all trajectories of (149) that
khm (xk,fk,yk,uk) = (Hd, ®d7 ‘bd7 Fd) (153)
—00
In summary, solvability of (150) is necessary and sufficient for an internally stabilizing controller A
achieving output regulation for P x K. The left-most equation in (150) involving (II, T, ®) is independent
of the controller & and depends only on the plant P. The right-most equation in (150) involves only the
controller A and the matrices (©,T", ®).

D Proof of Theorem 3.1

To show the necessity of Conditions 1 and 2, we assume that F x (P x K) is a well-posed convergent
algorithm for all F' € O,, . Hence P x K is well-posed and, therefore, I — Dy D, is invertible. Moreover,
for any F € (’)2% 1, the algorithm F % (P x K) is well-posed and convergent since F e Om, . Because F
satisfies 0 € F(O), this algorithm has the fixed point (0,0,0). By Proposition 2.1, all its trajectory converge
to (0,0,0). This shows that Condition 1 (robust stability) holds true.

D.1 Proof of Necessity of Condition 2

Let us use denote the matrices describing G = Px K by (A, B,C, D) and represent the algorithm F x (P« K)
by (15). Moreover, we now choose test quadratics F*(z) = mz +b, which satisfy F'* € O,, 1, (by Assumption
1); hence F'* x G is well-posed and convergent.

First suppose b = 0 such that F*(2) = mz and F* € O%,L. Since I x G is well-posed, we conclude that
I — Dm is invertible and that ((F*)~! — D)~! is defined by the matrix H := m(I — Dm)~!.

Indeed, suppose there exists some z # 0 with (I — Dm)z = 0; this implies 0 = z — Dy for y = mz # 0;
hence z € (F')~!(y) and thus 0 € ((F*)~! — D)(y), implying y € ((F*)~! —D)~1(0); the same argument for
z =0 shows 0 € ((F")~! — D)~1(0), which contradicts the fact that ((F*)~! — D)~! is single-valued. By 1.
in Corollary B.3, we infer ((F')~! —D)~! = m(I — Dm)~!.

We conclude that m x G is well-posed as a star-product of linear systems and that (20) reads as
tpr1 = (A+ B(I — mD) 'mC)xy, wy = HCxy, 2= (I +DH)Cx), forall ke N. (154)

By convergence of F'xG described by (15) with F* replacing F', we infer that any of its trajectories (zy, wg, 2x)
converges to a fixed point (z*,w*,2*) for k — oo; clearly, (0,0,0) is a fixed point of the algorithm since
F*'(0) = 0; since fixed points are unique (Proposition 2.1), we infer (z*, w*, z*) = (0,0,0) and hence conclucde
limy, 00 7 = 0. Since (154) is another representation of the algorithm F*' x G, we infer that all trajectories
of (154) satisfy limy_,o0 o1 = 0, which in turn shows that A + B(I — mD)~!mC is Schur.

Moreover, mx P is well-posed by Assumption 2. Since m* G and P x K are well-posed, we infer that the
matrices describing mxG = mx (P% ) and (mx P)x K = P™ % K are identical; since A+ B(I —mD) " 'mC
is Schur, we conclude that /K internally stabilizes P™.

Let us now choose arbitrary 3* € R® and w* € R~1¢ and define F*(z) = mz + b with

b= Ni* — m(1, ® B*).

By construction, @* is the unique vector satisfying F'(15 ® 8*) — Nw* = 0, which is in turn used in the
definition (39) of F*. Since (1, ® I.)TN = 0, we infer (1, ® I.) 'm(1, ® £*) + (1, ® I.)Tb = 0, which is
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nothing but (43); hence 3* is the unique solution to Problem 1. By convergence of F x (P i) and hence
of (F* x P) « K = P™ % I, we conclude that & achieves regulation for the plant P™ described by (44).
As seen in Section C, we conclude that there exits a solution (I, T, ®, ©) of the regulator equations

I I o
Qo+m) | I |=] 0], ) = <F> (155)
r P
where we introduce the following abbreviations for the matrices describing P™:
A 0 BN | By B
QGo:=| Ci|1,@L DN Dy |, Qmi=| D; | mE(m)? ( Ci|1,@1. DiN{Dyy ) . (156)
Cz 0 D21N D2 D21

Since I + DymE(m)~! = E(m) ™!, the middle block row of Qg + Qy, is F(m)~? ( 4 ‘ 1,®1I. DN Dy, )
Hence the middle block row of the first equation in (155) leads to

m H
E(m)! ( Ci|1, 1. DN Dy ) 1 |=0 and hence o | T | =0 (157)
r T

In view of the definition of g, (155) is identical to (47), which concludes the proof.

D.2 Proof of Sufficiency of Conditions 1 and 2 for Convergence

Fix any F' € O,, . By assumption, Problem 1 has a solution £* and we can pick @* with 0 € F(1, ® 8*) —
N*. This permits to define the error map F € O?n,L by (39) and the corresponding error system (41).
Since I — D5 D.. is invertible (Condition 1), P, x K and P x K are both well-posed. Since Fx (P*K)is
well-posed (Condition 1), we infer that F x (P, x /) and hence also F x (P % K) is well-posed (Section 3.1).
Let us now pick any trajectory of the algorithm F * (P x K) described by wy € F(z) and (46). The
signal transformation (40) generates a trajectory of the error system (41). Now pick a solution (II,T, ®, ©)

of the regulator equations in Condition 2. The subsequent signal transformation
&y =y —11d, & =& — Od, ik =y — @d, i = uy, — Td. (158)

applied to (41) leads, after a simple computation and with d := col(—g*, @w*), to a trajectory of

v Al Bl (A-DI+ BT + (o BlN) By .
Tht1 Tk
2]@ Cl Dl 01H+D12F+ (15 ®IC DlN) D12 wk:
,,,,e,k,,,, Cy| Dy {CiII + D1oT" + (1s ® 1. D1N> Do ,,fi,,, ’
U Cy | Doy i Coll + Dol + (0 D21N) — | D, i
€1 Al -ne+B.oiB. & .
~ = - —— d |, Wy € F(Zg).
Uk c.|C.O©+D.®-T v D, B
' Yk
Due to the regulator equations, this simplifies to
zfckNH A| By i0} By N . g
2 Ci| Dy 10iDq2 Wy, €1 A0} B, RLE - Lo
,,,,,,,,, = , d = : d |, wy, € F(Z)
€k Cl D1 0 D12 d U C) 0 i D(f T
T P ' Yk
Uk Co|D2110} Dy g,
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and hence to

N A| By B &N - .
% _ - 2 ~k £k+1 o A(‘, 13(: gk - ~

Zxk | =1 Ci| D1 D12 Wy | . =\ =, Wy € F(Z).  (160)
TN T Uk /c c yk

Yk Co| Doy Dy U

By Condition 1, we conclude limy_, ig =0 and limg_ o ék =0.
Note that (160) is a description of F « (P % ). Again with (A, B,C, D) representing G = P x K, we

obtain a trajectory of
PN L Al B i -
=), B ) (A k) o, € F(z)  (161)
fk Zk C ‘D Wi
which satisfies limy_ ;o #, = 0. Since (161) is well-posed (because F' « G = EF % (P x K) is) and has the
fixed-point (0,0,0) (since 0 € F(0)), Proposition 2.1 implies limy_,oq (&, Wg, Zx) = 0. The definition of the
error signals (w, 2) in (40) lets us conclude that limg_,o0 2 = 15 ® 5% and limy_ o0 wy, = NW*.
On the one hand, we infer limy, o (2, &) = 0, and hence limy_o (Y, &) = (I1d, ©d) due to (158). On
the other hand, well-posedness of P x K permits to infer limyg_,o (G, Jx) = 0 (Section 2.2) which in turn

gives limy_, oo (ug, yx) = (I'd, ®d) by (158). Since d = col(—/*,w*), this concludes the proof.

D.3 Coordinate-Independence of Consensus Matrix

Proposition D.1. Feasibility of the requlator equation in (47) is independent of the choice of the consensus

matriz N from Definition 7.

Proof. Let (I1,0,T,®) be a solution to (47) with respect to N. If N’ is another consensus matrix, there
exists an invertible W € R(s=1ex(s=e guch that N’ = NW. The regulator equations in (47a) reads with
N = N'W~! and W = blkdiag(I., W) as

Al 0 BNW!:B, II Al 0 BN B, Il II
Ci|1,®1. DIN'W=' Dy I |=|ci|1,@I. DIN' Dy, w-t]l=101|. (162
Cyl 0 Dy N'W-1i D, r Cy| 0  DyN'| D, r o

Right-multiplying all terms in the regulator equations by W leads to

Al 0 BiN' | B, W oW / or ot

1, @I, DiN'iD I = .| = .. 163
dmeronros ) () [5) () (20)- () e
Cs 0 Do N\ Dy I'w oW

As a conclusion, if (IL,©,I,®) is a solution to the regulator equations (47) for N, then (II, 0,1, ®) :=
(HVAV7 ewW,I'W, <I>W) is a solution to the regulator equation for N’, which establishes the proof. O

E Proof of Theorem 4.2: Algorithm Structure

We follow the procedure of [81, Theorem 3.2] to derive structural constraints on the controller K. By

assumption, there exists a solution (I, T, ®, ©) of (47). The regulator equation in (47b) can be expressed as

(4 B I) 0= ( —B.2 ) ) (164)
C., - D.®
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Because (A, B, C., D..) is a minimal representation of /', the pair (A, C.) is observable, and thus © is
uniquely determined by (T, ®) in (164). Assumption 4 ensures that (II,T, ®) solving (47a) is unique, from
which it follows that (I, T', ®, ©) solving (47) is unique. We now show a rank property of ©.

Assumption 5 separates the nullspaces of ® and T' as follows.

Lemma E.1. Under Assumptions 1-5, any solution (IL,T',®) to the regulator equation (47a) satisfies
null(®) N null(T") = 0.

Proof. Applying the signal transformation Y = 2 — IId to the system (44) yields

B AL Bl B N
a | =107 1. | 707 | mE@m) ( c —D12F) (xc’; ) : (165)
Yr Cyi® — Dol Dy

which is detectable by by Assumption 5. Hence,

A—I—BlmE(m)*lcl -1 —(BQ—I—BlmE(m)’lDlQ)F
0 0se (166)
02 =+ DglmE(m)*lCl o — (D22 + DglmE(m)*le)I‘

has full column rank, which implies that

null(®) N null

B2 + BlmE(m)_le o
< Dys + DyymE(m) ' Dy ) F] =10k (167)

Since null(T") C null(MT) for any matrix M, we conclude null(®) Nnull(T") = {0}. O

Lemma E.2. Under Assumptions 1-5, for any solution (II, T, ®, ©) of the requlator equations (47) and any
invertible matric R = (Ry; Rg) with ran(R1) = null(®), the matrices (01 O3) := OR and (I'y T'y) :== OR
satisfy rank(©1) = rank(T'y) = dim(null(®)).

Proof. We prove this Lemma by contradiction.

I'y rank condition: If v # 0 is a vector such that I'yv = 0, then 'Rjv = 0. Because ran(R;) =
null(®), it holds that ®Ryv = 0, which implies that Rjv € null(®) N null(T'). By Lemma E.1, we have
null(®) N null(T) = {0}, so Ryv = 0. Since R; has full column rank, Ryv = 0 implies v = 0, which
contradicts v # 0. Consequently, I'; has full column rank, which implies rank(I';) = dim(null(®)).

©; rank condition: We now post-multiply both sides of the bottom equation in (47b) to yield

'Ry =C.OR; + D.®R; which reads I'1 = C.01 +0=C_.0;. (168)

Hence dim(null(®)) = rank(T'1) = rank(C.0©1) =rank(©;) — dim(ran(0;) N null(C,)) < rank(©;). Because
07 has dim(null(®)) columns, we infer that ©1 has full column rank.
O

We now proceed to isolate structural properties of controllers /& in convergent optimization algorithms
F x (P % K). By Lemmas E.2 and E.1, there exists an invertible matrix @ such that

-1 _ _Ir 612
Q @_< 0 @22>. (169)
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Applying @ as a similarity transformation to the representation of K in (68) leads to

—1I
71A(‘ 71B(: "
(QCQQ Ql) ) 0 O | = 0 Oy |. (170)

Now we partition the matrices of the transformed controller representation according to (68) to get

! A !
Aty Actz

>/
P (eagles,
‘467/21 Aczl22 Br:IQ = - — . (171)
/ / / ('Y(fQ ‘ D(:
C(:l 0('2 ‘ D(‘
Substitution of (171) into (170) leads to the following structural constraints:

‘4(1/11 IT A(:/12 B(:ll 622 0
Aby | = o |, Acby Blh ( © > = Oy . (172)
(v(/l _Fl "v(z/2 D(:/ ? Fl 912 + FQ

The controller structure in (172) can be recognized as a cascade between an internal model subsystem Yy,

with internal dynamics I, and a subcontroller >, described by

I 70 A(:IQQ‘B(:IQ A'lum' l’)r'uuv

Smin : = : and Seore Ao | B4 | = | Ceorer | Deorer | - (173)
Iy |0 I e ! !
C(tIQ D(t, (7'«1»1’(‘2 D('4>1’(‘2

Then (172) arises from (172) after relabeling the matrices describing K according to those of the core

subcontroller > ;..

F Connections to the Internal Model Principle

The necessary presence of the internal model” ¥,,;, as a factor of K is an incarnation of the celebrated
‘internal model principle’ [15] for algorithms. The state-matrix I,. with r» < ¢s of the internal model ¥;, is a
submatrix of the signal generator I, used to describe the constant exogenous disturbances as di11 = I sdg
in accordance with [31].

F.1 Nominal and Robust Regulation

The work in [15] performs regulation of a measured output of e = y. This constraint requires that the
entire signal generator I.s must be present in an internal model in order for a controller to reject constant
disturbances. The less restrictive condition of ‘readability’ [15, 18] involves the existence of a wide matrix
E, such that e = E,y and also ensures that the full matrix I.; must appear in any regulator. Our approach
builds on the results about nominal regulation in [31] without the assumption of readability. As a result,
only a portion of the signal generator I, is required to be contained in the internal model ¥y,-

The Regulator Equation in (47) and the structural property in Theorem 4.2 are based on nominal
regulation (Appendix C) in which the solution (II,©,T',®) is independent from the uncertainty in O, r.
Replacing the test quadratics by more general quadratic functions resulting in F;(8) = 0f;(8) = A8+ b;
leads to P2 = A% P with A = diag(A,...,A,) instead of P™ in Section 3.2. The resulting structured
robust regulation problem cannot be handled with existing results in [31] or [82, Section IIL.H], since the
readability condition clearly fails for the system (41b).
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F.2 Structural Stability

The design of uncertainty-independent controllers that achieve output regulation in the context of arbitrary
perturbations in the plant parameters is classically referred to as the ‘robust regulation problem’ [16], and
has been studied in [97, 98, 99, 80]. Performance optimization under robust regulation under a readability
assumption is documented in [82, Section II1.I]. For a signal generator I, any robust regulator must contain
an internal model involving I ([97, Theorem 1] for the readable setting and [30, Theorem 2.8.2] for the non-
readable setting). Because our optimization setting for quadratic functions involves a plant with structured
uncertainty instead of arbitrary elementwise perturbations in the entries of a plant’s realization, achieving
classical robust regulation is a much stronger requirement. Our internal model structure does not achieve
robust regulation in the classical sense, but achieves robust regulation for structured uncertainties, even if

thy are nonlinear and belong to the class Oy, ..

F.3 Frequency Domain Arguments

The work in [52, 54, 58] use frequency domain interpolation constraints to characterize structural properties
of optimization algorithms. To any transfer function G(z), there exists a left coprime factorization as
G(z) = M(z)"'N(z) in which M (z) is square, and both M (z) and N(z) are stable [51]. If the system G in an
algorithmic interconnection (15) is an optimization algorithm, then it must structurally satisfy Consensus and
Zero-Inclusion properties. The Consensus property N T z* = 0 may be expressed as the presence of a blocking
zero in G as ]\7(1)N = 0, and Optimality 1Tw* = 0 is posed as the presence of a pole M(l)(ls ®1I.)=0.
The Consensus and Zero-Inclusion properties are tangential interpolation constraints [55] on the transfer
function matrix of G. Information structures in L, about resolvent evaluation/explicitness/dependencies
may be implemented as bitangental interpolation constraints. Nevanlinna-Pick interpolation in [52, 54, 58]
is used to solve the resultant algorithm synthesis problems in the setting of direct interconnections and for
fixed stability filter coefficients. The structure of N(1)N = 0 and M(1)(1, ® I.) = 0 in an optimization
algorithm is referred to in [52, 54, 58] as an ‘internal model principle.” The work in [52, 54, 58] performs
transfer-function-based factorizations to parameterize algorithms that meet these interpolation conditions.
Our work instead focuses on state-space factorization of algorithms, solutions of regulator equations, explicit

internal models, the broader networked setting, and structured control design methodologies.

G Structured Synthesis Implementation

In the structured control framework, we utilize a minimal internal model X,,;, and restrict the core subcon-
troller as (Xcore)ss € Leore(O).

The optimization variables of the structured control synthesis Problem 4 are (012,029, (Xcore)ss, A)-
The goal is to choose a controller (X....)ss such that the p-weighted plant Y eore formed by Gmin(z\) =
U(AN) (S, % Py * (SminYeore)) satisfies the LMI in (89) at fixed p. This feasibility can be certified by using
the tool hinfstruct for structured H,.-norm optimization. A feasible solution of the hinfstruct method
can then be used to find controller parameters at fixed p [93]. Ho methods are classical in control theory,
refer to [51] for more detail on H, techniques.

The LMI constraint (item 1) of Problem 4 can be replaced by the following requirement [92, Lemma A.2]:

1 2 _ _
1. The plant [( 3 {) @ Ise| * (T(AN)(Zp, L * Py * (EminZcore)) has an Hy, norm less than 1.
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For a fixed matrix a2, the constraint set L.,..(0©) can be expressed as

Acore Beore 0 O

Loove(©) i | Cover Deorer ( 222 ) +1 o |ew=| o |, (174)
Ceoren Deoren 2 -4 T

which defines a subspace in (A.ove, Beores Ceore1, Ceore2s Deore1, Deorez, ©11). The constraint Do € Linfo

induces a further constraint.

The matrix Oy used to define the constraint Lo (©) can be treated as a hyperparameter in optimiza-
tion. For a fixed Oqq, let J(O33) denote the minimal exponential convergence rate p obtained by solving
Problem 4 when appropriately constraining (012, (Xcore)ss, A) according to items 1 and 2 of Problem 4. The
nonconvex fixed-structure Hy, optimization tool hinfstruct [93] can be used to perform this optimization.
A higher level optimization algorithm can search over @3y € R™*5¢~" to minimize J(O22), because by
default hinfstruct can only impose box constraints on the parameters. In the case of static subcontrollers

Yeore (Acore = [1]), optimization over ©qq is unnecessary because Gqg = [-].

H Proofof Theorem 5.2: Full-Order and Minimal Internal Models

We show how a full-order subcontroller ¥; can be factorized into a unique core subcontroller >.,., and how
a core subcontroller ... can be lifted into a possibly non-unique full-order subcontroller > .

From Y to Y....: Given the basis change matrix R from (67), we perform a coordinate change of K
with blkdiag(R,T) as

I, —D1® Cl| Dyt
I.s— R'Dy®R R'Cy |R7'Dpy f1 22 .f; ,fi
-1 0 Jes—r— Df1¢’2 Cfl Df2
K = 7Bj‘(I)R A/' B/' = y (175)
0 —By®y As | By
—TR—D®R  Cra | Dy : :
’ ’ ’ 71_\1 71_\2 — ng(I)Q Cfg ng
under the definitions
C 1 D 1
=R Cn 1) =R Dy (176)
C.fl Dfl

The expression in (175) can be recognized as a cascade between >, and Xp,in, in which ... can be
represented by

Ley — D 2@, 1 C2| D2 I« v [000 10 As | By
—B:® A B I 1 1
$o= /P2 LBy 0 (000 Gy Dy (177)
—Df%(I)Q Cf% Df} —I'y10:0 0 I Cf% Df%
—I's — Df2¢)2 Cfg ng —®5 110 0 0 Cfg sz
From >,,. to 3,: This correspondence uses the method of [31, Theorem 6]. Since @, has full column

rank sc — r, it has a left-inverse and there exists a matrix W such that M := I,._, — W ®5 is Schur. Next,

the system >.... is enriched by unobservable modes in A, forming the nonminimal representations

A'L'uw 0 lg(‘vm‘ Ir . (—vun’vl 0 /)\'m'vl
0 M w 0 71('()1‘(‘ 0 l)uu'v
Voo st , K¢ = SminScoref ’ (178)
’ (V(‘m(*l 0 l)(‘m'(*l 0 0 ]\f VV
71‘()1‘«‘2 0 D(‘m‘v2 _Fl (7"('(#1’(‘2 0 D('<>1’(‘2
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The systems >, ¢ and ... are related as ..o ¢(2z) = Ycorc(2z) because the modes in M are unobserv-
able. The same relation holds for Xin>core r and EpinXeore. Moreover, K ; represented by (178) satisfies
the regulator equation (47b) as

IT‘ (’un'(‘l 0 I)(‘un‘l _IT @12 _I’r @12
0 *1(‘()1'(‘ 0 B('Ul'(‘ 0 @ 0 @
22 _ 22 7 (179)
0 0 M| W 0 Ige_r 0 Ige_r
_Fl C'V('\)WQ 0 D('m’v2 0 (b2 Fl F2
since M + W®y = I,.—,. We now define the matrix 7' as
I, 0 —0Opy —I. O -1, 0
Ty:=10 I, —Oxn [, resulting in 7' 0 ©Og = 0 0 . (180)
0 0 _Isc—'r' O Isc—r O _Isc—r
Applying T to the regulator equation in (179) as a state-coordinate change in Xin>core s produces
I’r ('(‘m(*l 0 l)un'(*l _Ir 0 _Ir 0
Tf 0 0 11(01‘«‘ 0 B('m'w Tf 0 0 0 o 0 0
0 I 0 0 M| W 0 I 0 —Ier | | 0 —L, |’
_Fl CV('U]'(Q 0 [)(‘\)!'(‘2 0 (]:)2 Fl FQ
(181a)
I’r (V(‘m(*l _@12]\[ I)(‘m'(‘l - G)IQVV _Ir 0 _I'r 0
A'L‘mv _@22]\[ B('Ul’(‘ - @22‘/1/ Tf 0 0 0 o 0 0
0 0 -M -w 01 0 Iy | | 0 —Ier |’
_Fl (Y<ul<\2 0 [)<'m’(‘2 0 (1)2 Fl FQ
(181b)
I’r (vun(\l _612 - (V< m(vl®22 + @121\[ l)(‘m'(‘l - 612VV _Ir 0 _Ir 0
0 A'L'm(‘ (]\[ - 41(‘01(‘)@22 B('Ul’(‘ - @22V¥7 0 0 _ 0 0
0! 0 M -W 0 Iy | | 0 —Ioes
_Fl (—vmm‘Q F1@)12 - (Vum‘2@22 D('(H(‘Q 0 (I)Q 1—‘1 FZ
(181c)

Expanding M := I;.—, — W®5 in (181c) and applying the structural constraints in L..,.(©) via (71) yields

I 1 Ciorer Deore1Po — ©12W g | Direr — O12W -1, 0 —I, 0
0 ! Acore  Beore®a — O22Wdg | Begre — O22W 0 0 B 0 0
0! 0 Toer — Wy -W 0 —Jeor | | 0 —Iey
—I'1iCioe2 —To+ Deorea®Ps Deore2 0 Dy Iy Iy
(181d)
Permuting the second and third rows and columns in the controller representation in (181d) leads to the
system
Ir /)“m,lq)z - 612W<I)2 (VH,H\l /—)mmzl - @12[@’
; 0 Tgeer — WPy 0 -
Ky = , (182)
0 l))u,[(\®2 - 922‘1/7@2 :l( ore /))( ore — @QQVV
“I't —Tao+ Deorea®a { Croren Deore2
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which can be recognized as the star product

Ir O 0 IT O 0 ‘1(‘\11(\ /))('UH\ - 92214/
0 ISC—T 0{0 ISC—T 0 (Wum* l)('uu‘ - @ ‘/I/
K= * ! P (183)
’ -I'y =I'5 1010 0 I 0 W
0 q)z 10 0 0 (7'(‘4)102 D<'(\1'<‘2
By exploiting (67), we obtain
A'L‘m(' /))(‘m‘(' - @22[/L/'
(7'«(\1‘(‘ l)uuw — O W
]\’f _ “ 1 1 12 (184)
- 0 —W
(Vvun‘u2 Dqu
111'\)1‘(\ ‘ Bm re @221/)[/
(7'««)1(‘ D('m‘v - @ VV
= * | R ! R ! . 2 = g * 2f7 (185)
0 —W ’
(7"()1‘1‘2 D(‘mv2

which allows us to extract the full-order subcontroller ¥ as desired. The representation of K ; = g+ Xy
is generally nonminimal, even if > ,. is described by a minimal representation. If the given representation
of Yoo has order n.., then the representation of K = Yin2core as constructed by the star product (115)
has nc..c + r states. The representation of Ky = Xgq + Xy through the same star product operation has
Neore + SC states, even though the transfer functions of /' and K ; are the same.

I Full-Order Synthesis of Optimization Algorithms

The p-weighting of the full-order internal model ¥,y is

pil[sc 0 PflIsc 0
ifun : - 0 0 Inu (186)
o |I,,: O 0
Then the interconnection P x Ly has the representation
p A —p BT | p7 By 0 plBy
_ 0 I 0 M 0
Px S : p P (187)
Cl —D12F D1 0 D12
02 —DQQ(I) D21 | 0 D2
This permits us to compute a state-space description of P(A) = W(A)(Zp.z * P % Snr) denoted as
M41 AR | Bl | BN\ [ e
P(X) e | = [ .G DiA) [ Dia(A) K (188)
Uk C2(A) | D21(A) | D2(A) Uy,

For fixed filter coefficients A, the goal is to design > such that ]5()\) * 3¢ satisfies the properties in

Problem 5. To convexify this problem, we follow the nonlinear convexification procedure for controller
synthesis in [82]. Tt only remains to clarify how to handle the fact that ﬁg()\) = D5 does not vanish and
that the constraint Do € LP needs to be satisfied.
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The key idea can be visualized as in Figure 27. We first separate the direct feedthrough matrix Dy (A)
from the plant P()\) using a linear fractional transformation (Figure 27a), thus forming a control synthesis
task with respect to a plant Z?c (Figure 27b). We achieve condition 1 in Problem 5 for the interconnection on
the right in Figure 27, by making sure that the designed controller satisfies D fg € LP. Since LP is assumed
to be convex, this constraint can be taken into account in the transformation approach to controller design
as proposed in [32]. In our presented examples with block-sparsity patterns, the set LP is representable by
a finite number of linear equality constraints in the entries of D 3.

If non-zero, the matrix ﬁg(z\) is then brought back in by choosing the controller on the left in Figure 27

such that both closed-loop systems coincide. This is achieved for the choice

Ap|Bp | (o0 I )
CrlDp |\ 0 =Dy(N)

where & = T + lA)g()\)DfO. A slight numerical perturbation of Dy(\) may be required to render € invertible,

Afo ‘ Bfo

Afo — B‘fogilDQDfO ‘ Bfo(‘:il
Cfo ‘Dfo

(I — Df08—1b2)cf0 ‘Dfog_l

and invertibility of £ ensures that the star product is well-posed. Due to Assumption 7, we infer that
Dy =D fO(I + DQD fo)*l € Lingo is satisfied. As a conclusion, the constructed controller will satisfy both
Conditions 1 and 2 in Problem 5.

(a) Separation of feedthrough (b) Modified configuration for controller synthesis

Figure 27: Removal of direct feedthrough by interconnection

If the network model and the to-be-designed algorithm all have Kronecker structure, then we perform
synthesis for dimension ¢ = ¢’ by performing algorithm design for ¢ = 1, and then applying a Kronecker
product ®I. to all matrices in the controller representation /.
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