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Stochastic Process

Nonanticipative, indep.-increment set of prob. dists. {.}

SDE (continuous) Levy Process (jumps)
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Geometric Brownian motion (left), Merton jump diffusion (right)



Questions to ask

Given a state function p(x) (e.g. height, voltage):

What is the maximum along stochastic trajectories of the:

e Mean of p?
e Quantile statistics of p?
e Conditional Value-at-Risk of p?

Risk, safety analysis.



Examples of Generators

Generator L of process Vv € dom(L) = C:
Lov=lim (E[v(t+7',x) | pesr] — v(t,x)) /7" (1)
T =T
Discrete-time Markov Process

Xt-JrT — F(t, Xt,wt), We ~ 5 (Sampled) (2)

Lv= (/v(t—l—T,F(t,x,w))df(w)—v) /T. (3)
Q
Stochastic Differential Equation
dx = f(t,x)dt + g(t,x)dW, (4)
Lov=0w+f-Vv+g'(Viv)g/2 (5)

Others: Lévy processes, hybrid, switching, time-delay 3



Chance-Peak Problem

Distribution p4p: of p(x(t))

What is the maximum risk R along the stochastic trajectory?

P*= sup  R(pgpit) (6a)
t*€[0,T]
x(t) follows £ Vt € [0, t"] (6b)

x(0) ~ o (6¢)



Maximal Value at Risk

Maximize e-VaR among multiple distributions
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Value-at-Risk Example (Monte Carlo)

50,000 samples with T =5, At =103
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Chance-Peak Measure Programs



Occupation measures

Avg. time trajectories spend in set

Test function v(t,x) € C

Single trajectory: (v, i) = | —
X ! 12

— [fo (t, x(t | xo))dt}

I — _ —
Averaged trajectory: (v, u) = X' ==x(x+2)(x—1)

Fox(0) oo [ I vt x(t | xo))dt}



Martingale Relation

Vv E[v(t+s,x) | Xeys] = E[v(t, x) | Xi]

N / T ELov(tx) | %] (7)

I—¢t

Relation between measures (pi¢, fiers, jt)

(v(t+5,%), pevs) = (v(t,X), pe) + (Lov (', x), 1)
(8)

Shorthand notation (adjoint)

fevs = pe + Lyp (9)

Triple of (8) is supported on graph of £y (assuming compact
+ regularity), similar for [sum of L]



Mean Maximization

Infinite-dimensional Linear Program (Cho, Stockbridge, 2002)

p* = sup (p(x), 1p) (10a)
1tp = 0o @ p1o + LEpu (10b)
wy pp € ML([0, T] x X) (10c)

Instance of Optimal Control Program (Lewis and Vinter, 1980)
(15, 1) is feasible with P* = (p(x), u5) < p*

P* = p* if compactness, regularity properties hold



Value-at-Risk Bounds

VaR is nonconvex, nonsubadditive

Concentration inequalities can upper-bound VaR
VaR (&) < stdev(&)r + mean(§)

Name r Valid Condition
Cantelli /1/(e) —1 & probability distribution

VP /4/(9¢) —1 & unimodal, e <1/6

Conditional Value at Risk (CVaR) can also bound VaR

10



Concentration-Bounded Chance-Peak

Apply concentration inequalities to get upper bound P > P*

Objective upper-bounds VaR w.r.t. time-t* distribution i,

Pr = sup r/(p? pe) — (p,pe)? + (p, =) (11a)

t*€[0,T]
x follows L (11b)
x(0) ~ pg (11¢)

SOCP in measures (3d SOC) for p; > P

Same constraints as mean-maximization, different objective

11



Conditional Value-at-Risk

CVAR: Average quantity above the Value-at-Risk
CVaR(E(w)) = (1/€) [ 1o vom o WIE()

VaR
CVaR=0.5

VaR
CVaR=0.2

Uniform distributions with same VaR, different CVaR (70%) 1



CVaR Linear Program

Measure LP to compute CVaR (with % < %)

CVaR(v) = sup (w,?) (12a)
Y hEML(R)
e+ =v (12b)
(L) =1 (12¢)

VaR = 1.2816, = 1.7550, ey < ¢
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CVaR Chance-Peak

Highest CVaR along SDE trajectories

P: = sup CVaR.(pypit-) (13a)
t*€[0,T]
x follows L (13b)
x(0) ~ po (13¢)

Almost the same as VaR chance-peak, with P: > P*

14



CVaR Measure program

Add CVaR objective, constraints to chance-peak

pe=sup (w,¢) (14a)
fir =60 ® pio + L p (14b)
(Ly)=1 (14c)
e+ = pupir (14d)
s pr € M ([0, T] x X) (14e)
U, € My(R) (14f)

Upper-bound pZ > P > P*, LP in measures

15



Comparison of bounds

Py = p; and P: = p} if
1. £ has unique solutions (e.g. SDE: Lipchitz, Growth)
2. [0, T] x X compact
3. p(x) is continuous

P*

anteni > P always, but (P}, Pjp) incomparable (so far)

Empirically, degree-k moment LMIs satisfy p¢, ek = Pz«

16



Chance-Peak Examples




Two-State

Stochastic Flow (Prajna, Rantzer) with T =5, p(x) = —x2

X2

dx = 1.3 dw
—X1 — Xp — §X1

dt +

0.1

Stochastic Flow System
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Stochasic Twist system with T =5, p(x) = x3

—2.5x1 + x3 — 0.5x3 + 257 + 253 0
dx = | —x; + 1.5x + 0.5x3 — 2x23 - 2x§’ dt+ | 0 | dw
1.5x1 +2.5x — 2x3 — 2Xf — 2x§’ 0.1
B ; Stochastic Twist System
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Two-State Switching

Switching subsystems at T =5, p(x) = —x;

dx — —2.5x1 — 2x 7 —X1 — 2Xp d + 0 dw
—0.5x; — xo 2.5x1 — xo 0.25x

Stochastic Switched System

25r¢
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Two-State Distance

Maximize VaR of (negative) L, distance to X,

i Stochastic Distance Estimate
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Take-aways




Conclusion

Posed the chance-peak problem for wide class of £
Solved using infinite-dimensional SOCPs, LPs in measures

Certified outer-approximations of risk
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Analyze risk using polynomials

arxiv:2303.16064
http://github.com/jarmill/chance_peak
http://github.com/jarmill/cvar_peak


http://github.com/jarmill/chance_peak
http://github.com/jarmill/cvar_peak

SOS Expectation-Peak

dz =min /XV(O,X) dpo(x)

— Lv(t,x) € Z[[0, T] x X]
v(t,x) — p(x) € £[[0, T] x X]
v € R[t, x].
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SOS Concentration-Peak

d’ =inf  u +2u3 +/ v(0, x0)d o(x0) (16a)
— Lv(t,x) € Z[[0, T] x X] (16b)
v(t, x) + w1 p*(x) — 2wz p(x) — p(x) (16¢)
€ X[[0, T] x X]
([ur + us, —(r/2), up], u3) € L3 (16d)

ue R vecl(o,T] x X).

24



SOS CVaR-Peak

d:=min u+ /x v(0, x) dpo(x) (
— Lv(t,x) € Z[[0, T] x X] (
v(t,x) — w(p(x)) € X[[0, T] x X] (

U+ ew(q) = G € Z[Pmin: Pmax] (17d
(
(

W(C]) c Z[Pmim Pmax]
ueR,veR[tx].
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